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P R E F A C E. 



THE following Treatife was drawn up 
for the ufe of the author's pupils j and 
•the only motive which induced him to pub- 
lifh it, was a defire of promoting the #udy of 
Conic Se£tions in this Univerfity, by facilitat- 
ing the attainment of that ufeful branch of 
geometry, which has not been fufficiently at- 
tended to. Some enter upon Newton's Princi-> 
pia with little or no previous knowledge of 
conies, taking the common properties of the 
fe6fcions for granted. Others, who have once 
laboured through fome kind of demonftration, 
think it fufficient, if they remember the pro- 
pofitions, although they have forgotten the 
proofed Such inattention to a fcience, which 
^6 of fo much importance in the prefent fyftem 
of philofophy, I can attribute only to the want 
of a concife geometrical treatife. 
The authors who have written upon the fub- 
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U PREFACE. 

je£t may be divided into two clafles 3 thofe who 
have begun with the feftions of the cone; ancj, 
thofe who have begun with a defcripticn of 
the curves in piano. Although fome of the 
demonftrations of the latter, who have treated 
the fubje6l geometrically, are fhort and per- ' 
fpicuous, yet there are others, upon which de- 
pend fome of the principal properties, that 
are tedious and difficult. The demonftrations 
of the firft clafs of authors are free from this 
ob)e6tion, being in general plain and concife ; 
but they have been obliged to introduce fo 
many previous propofitions, concerning the 
properties of lines touching and cutting co- 
nical furfaces, in order to arrive at the princi- 
pal properties 6f the three fe£tions, that it re- 
quires more time, than can well be fpared 
from that portion which is allotted to an aca- 
demical education, and more refolution than 
moft young men are pofleffed of, to go through 
them. Thofe of the fecond clafs, who have 
treated the fubjeft algebraically, have, fome of 
them, reduced the whole into a narrower com- 
pafs; but, in their eagernefs to avoid the charge 
of prolixity, they have fallen into another more 
exceptionable fault. The method in which 
they have deduced fome of the properties, par- 
ticularly the relations of the ordinates and ab- 
fciffae, is extremely operofe and inelegant; each 
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P R E F A C E. 

ftep in the proofs is fo little. conne£tei with 
the preceding one, that it is fcarcely poffible 
to retain them in the memory. 

I fhall not detain the reader with arly com- 
panion between the two methods, in order to de- 
termine which is the beft ; much may be faid in 
favour of both ; but the preference feems td 
have been given to the latter, at leaft in this 
Univerfity, where mathematical and philofo- 
phical ft tidies are more particularly attended 
to; yet, with regard to neatnefs and clearnefs 
of demon ftration, the authors of the latter 
clafs cannot be compared with fome of thfe 
former. To be convinced of this, let the rea- 
der take any one of the principal properties 
of the ellipfe or hyperbola, and compare the 
algebraical demonltr&tion of L' Hdfpital, of 
Trevigar, the geometrico-algebraical demon- 
ftration of Emerfon, or even the geometrical 
one of Simfon with that of Hamilton, and 
he will not hefitate to determine in favour of 
the latter* But the fe&ions of the cone, ori 
account of the many interferons of right 
Fines and planes with fiirfaces, ^nd with folids, 
are not eafily to be comprehended by thofe who 
* are acquainted only with/ the elements of geo^» 
metrv. 

I had long beeii periuaded, that all the 
known properties of the conk fe£tions 
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W PREFACE. 

might be deduced geometrically from a prin- 
ciple which is common to all the fe£ii- 
ons,. viz. the given ratio between the dis- 
tances of every point in the curve from the 
fbcus and the directrix, in the fame manner as 
Hamilton has deduced fome of them in the 
.fecond book of his treatife. I therefore affumed 
that property, which he- has demonftrated, 
Prop. 1 1. Book 2. for a definition of a conic 
fe&ion, and had made a confiderable progrefs, 
before I was fortunate enough to meet with 
the Elementa Mathefeos of Bofcovich; a work 
which feems to have been little known, or not fo 
much efteemed as it deferves, although the au- 
thor is juftly celebrated for his later producti- 
ons. In his elements of conic fedHons, which 
have all the advantages of thofe authors who 
have begun with the cone, without any of the 
difadvantages, I found the plan I had in 
view in a great meafure executed. I have, 
therefore, adopted many of his demonftra- 
tions, with little or no variation • the arrange- 
ment of the proportions, and feveral of the 
proofs have been much altered ; and of fome 
I have been obliged to give new demonftra- 
tions, having excluded the harmonical divi- 
fion of right lines, upon which they depended. 
I have alfo taken from^ther authors, par-, 
ticularly from the fecond book of Hamilton, 

fuch 
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fuch propofitions as were conformable to the 
prefent plan. Upon the whole, I have endea- 
voured to comprefs the fubjeft as much as 
poflible, and yet not to omit any of the pro* 
perties, which every one ought to be acquaint- 
ed with, previous to his entering upon the 
Principia of Newton, and the branches of 
natural philofophy; I have alfb taken care 
that the demonftrations fhould be ftri&ly 
geometrical, fuch as the young ftudent will 
find no difficulty in underftanding, provided 
he be well acquainted with the Elements of 
Euclid, and plane Trigonometry. 

As this treatife was defigned to be an 
introduction to the Principia, I could not, 
with propriety, make ufe of the principles 
contained in the firft fe&ion, in comparing 
the areas of the fe6tions which have a com- 
mon axis, or in the quadrature of the parabo- 
la ; but if the reader be already acquainted with 
the dodhine of ultimate ratios, he may fhorten 
the demonftration of propofition 69. in the 
following manner. It being proved, that the 
parallelograms in the figure APN are to the 
parallelograms in the figure A§>N in the 
given ratio of NP to N^ which is the fame 
with that of the cpnjugate axes, and the pa- 
rallelograms . APN, A$N being ultimately 
equal to the areas APN, A$N, Lem; 2. 

New- 



vi PREFACE. 

Newton's Principia, the areas are to each 
other in the fame ratio. 

The quadrature of the parabola may be de- 
monftrated from the fame principles. Let AN> 
PL 10. Fig. 88. bethe abfcifla of any diameter of a 
parabola, and PiV^the ordinate ; through the 
points draw BC parallel to Pfgj and through 
- P, ^draw PB, §>C parallel to NA\ then the area 
PA ^,will be to the parallelogram PB C^as 
2 to 3 ; for let the abfcifla AN be divided into 
any number of equal parts, of which ND is 
one; through D draw HI parallel to P^, 
cutting the parabola in the points jF, G; and 
through the point Pdraw KE parallel to NA\ 
take KR equal to KP 9 and draw RL parallel 
to NA\ then the parallelogram RB will be 
double the parallelogram KB j and if the num- 
ber of parts in AN be increafed without limit, 
the parallelogram DP will be equal to the 
parallelogram RB: for the right line HG 
will be ultimately equal to P^ or 2PN-, and, 
Prop. 31. the re<5tangle under HF, HG, or 
the rectangle under PK and 2PN, is to PH 
as the fquare of PN is to NA, or PB ; and 
alternately, the re&angle under Pi£ and 2PN, 
or the re&angle under 2PK and PAT, is to 
the fquare of PN as PH is to PB ; therefore 
2PK, or PR, is to PiVas PH is to PB, and 
the parallelograms RB> PD are equiangular; 

there- 
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therefore they are equal, and the parallelogram 
PD is to the parallelogram KB as 2 to i, 
and the fum of all the parallelograms in APN 
to the fum of all in APB, or the area APN 
to the area APB in the fame ratio. There- 
fore the area APN is to the parallelogram 
ABPNas 2 to 3, and the area PA$Jo the 
parallelogram PBC^Jm the fame ratio. 

I have only to add that, had it not been for 
the encouragement, and the liberal affiftance 
which I have received from the Univerfity, iij 
defraying the expenfe of paper and printing, 
this little traft woukj not have appeared in 
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CONIC SECTIONS. 



DEFINITIONS. 

I. TF any point S be aflumed without the line Fig. i, 
JL DX, and whilft the line SP revolves about 5 *• 

as a Center, a point P moves iflit in fuch a man- 
ner, that its diftance from the point 5 fhall always 
be to PE y its diftance from the line DX, in a given 
ratio, the Curve defcribed by the point P is called 
a Conic Sedtion ; a Parabola, an Ellipfe, or an Hy- 
perbola, according as S P is equal to, lets, or greater 
thanPE. 

II. The indefinite right line DX is called the 
Diredtrix. 

III. The point S is called the Focus* 

IV. The ratio of SP to PE is called the Deter- 
mining Ratio. 

V. If a line SD be drawn through the Focus 
perpendicular to the Dire&rix, which is produced 
indefinitely, it is called the Axis of the Conic Sec- 
tion. 

VI. The point A> where the Curve meets the 
Axis, is called the Vertex. 

VII. A right line LST, drawn thsough the Focus 
parallel to the. Direftrix, and terminated by the 
Curve in the points £, T, is called, the Principal 
Parameter, or the Latus Reftum. 
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( * ) 

Fig. 2, Cor. i. SP being greater than PtL in die hy-r 
perbola, two curves will be defcribed, one on each 
fide of the dire&rix; which are called oppofite 
hyperbolas. 

Cor. 2. When the revolving line SP comes into 
the pofition SAD, SP, PE will be equal to 5^, 
AD , therefore SA is to AD in the determining 
ratio. 

Cor. 3. When the line SP comes into the pofi-. 
tion SL, or ST, the diftance of P from the direc- 
trix will be equal to SD, and SL, or &T will be to 
SD in the determining ratio; and therefore . the 
latus redtum LT is bifedted in S. 

Cor. 4. The latus reftum in the parabola is 
equal to twice the diftance of the focus from the 
diredtrix, or to four times its diftance from the 
vertex. For SL is equal to SD, and SA is equal 
to AD -, therefore LT is equal to twice SD, or to 
four times SA. 

PROPOSITION I. 

.Fig. 3, jf two right lines DL%± D¥q be drawn from 
5! the point D, where the axis meets the Di- 
re£trix, through L and % the extremities 
of the Latus Re6him, which are produced 
both ways in the Hyperbola; and through 
any point P in the Conic Sedlion a line 
S^Pq be drawn parallel to the Dire&rix, 
meeting the two lines DL^, DTq in ^ 
and q ; the Segment $JST> which is inter- 
cepted between either of the lines and the 
axis; will be equal to SP, th? diftance q£ 
P from the Focus, 

FOK 
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FOR the triangles DN^j, DSL are fimilar, and, 
N$js to ND as SL is to SD 9 that is, Cor. 3. 
Def. in the determining ratio, or as SP to ND; 
therefore N§^is equal to SP. In the fame man- 
ner it may be proved that qN is equal to Sp, 
which is equal to SP, each of them being to ND 
in the determining ratio. 

Cor. 1. If KAG be drawn through the vertex 
parallel to the diredtrix, SA will be equal to AK, 
or AG. 

Cor. 2. The lines DL§^ DTq touch the 
Conic Section in the points L and T For SNP 
being a right angled triangle, SP is always greater 
than PN 9 except when P is at L, where they 
coincide; therefore §N is always greater than PN* 
except when QN coincides with LS; D^ there-; 
fore, meets the curve only in one point L> In the 
fame manner it may be fhown that Dq touches 
the -curve in T. 

Cor. 3. The angle LDT, contained between 
the tangents DLQj, DTq, is a right angle in the 
parabola, an acute angle in the ellipfe, and an 
obtufe angle in the hyperbola. For in the para- Fie- 3- 
bola SL is equal to SD, and the angle DSL is a 
right angle; therefore the angle SDL is half a right 
angle, and the whole angle LDT a right angte. 
In the ellipfe SL is lefs than SD, and the angle Fig. 4. 
SDL lefs than the angle SLD, therefore lefs than 
half a right angle, and the whole angle LDT lefs Fig. 5. 
than a right angle. In the hyperbola SL is great- 
er than SD, and the angle SDL greater than SLD, 
therefore greater than half a right angle, and the 
whole angle LDT greater than a right angle. 
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PROP. II. 

Fig. 3, jf f rom the point G, where the right line 
5 ! KAGj which is drawn through the Vertex 
parallel to the Dire&rix, meets either of the 
Tangents DTq, DL$^ a line GSR be 
drawn through the Focus, which is produced 
both ways in the Hyperbola, it will be parallel 
to the other Tangent DL^in the Parabola; 
it will meet it fomewhere in g, in the direc- 
tion GJSg, in the Ellipfe, and In the oppo- 
fite dire&ion in the Hyperbola. 
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ET SG meet the dire&rix in X; and becaufe 
the triangles SAG, SDX are fimilar, and SA, 
Cor. 1. Prop. 1. is equal to AG, SD will be equal 
Fig. j. to DX; but, in the parabola, SL is equal to SD ; 
it is, therefore, equal and parallel to DX; and con- 
Fic 4. f ec l uen $ly> XGS is equal and parallel to DL. In 
the ellipfe SL is lefs than SD, or DX; and there- 
fore the lines DL, XS muft meet, when produced, 
Fig. j. in the dire&ion XGS. In the hyperbola SL is 
greater than SD, or DI; and therefore the lines 
muft meet, when produced, in the dire&ion SGX. 
Cor. 1. Becaufe the triangle SNR is fimilar to 
the triangle SAG, SN will be equal to NR. 
Fig. 4, Cor. 2. Hence when ^coincides with^, in the 
5. ellipfe or oppofite hyperbola, ^N will be equal 
to gM, or SM\ therefore SP will be equal to SN $ 
and therefore SP will coincide with SN, and the 
curve will meet the axis in the point M. 
Fig. 4. Cor. 3. Hence the whole ellipfe is contained 
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between the lines GK, gk, on one fide of the di- 
rectrix. 

Cor. 4. In the parabola, NL being always greater Fig. 3. 
than NR, except at the vertex, SP is greater than 
SN; therefore the curve will meet the axis only 
in one point A 9 and it will be extended without li- 
mit, on one fide of the diredxix. 

Cor. 5. In the Hyperbola, NL being greater Fie. 5. 
than NR> except at^f and Af, SP is greater than SN> 
and the two curves will be extended without limit, 
on oppofite fides of the diredtrix. 

Cor. &. The lines KAG, kMg touch the Conic 
Se&ion in the points A and M. For P and p coin- 
cide in thefe points; therefore the right lines KAG y 
kMg meet the curve only in one point. 

Cor. 7. In the ellipfe, SP is the greateft dif- Fic *4« 
tance from the focus, and SA the lead; and thofe 
diftances which are nearer to SMzre greater than 
thofe which are more remote. For SP is to ND 
in a given ratio; ND increafes from A to M> it is 
the leaft at A, and the greateft at M; therefore SP 
increafes from A to M in the fame proportion. 

Cor. 8. In the parabola and hyperbola SA is 
the leaft diftance from the focus, and SP increafes 
without limit ; and SM is the leaft diftance in the 
oppofite, hyperbola. 

DE^FIN IT ION S. 

VIII. The tangents DL^j, DTq, which are drawn 
through the extremities of the Latus Re6tum, are 
called Focal Tangents. 

IX. The right line AM, in the Ellipfe and Hy- *">> 4. 
perbola, is called the Tranfrerfe Axis, or the Axis *" 
Major. 

X. If the Tranfverfe Axis be bifefted in C, the 

point 
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point C is called the Center of the Ellipfe • or Hy- 
perbola. 

XL If a line BCh> which is bife&ed in C, be 
drawn perpendicular to the Tranfverfe Axis, and 
CB, Cb be each of them a mean proportional be- 
tween SA y SM, the fegments of the axis intercepted 
between the focus and the vertices, BCb is called 
the Conjugate Axis, or the Axis Minor. 

XII. A right line PN % p, drawn through any 
point N in the Axis parallel to the Tangent KAG, 
or perpendicular to the Axis, and terminated by the 
CurVe in the points P and p y is called an Ordinate 
to the Axis. 

XIII. And the Segment of the axis AN, inter- 
cepted between the ordinate and the vertex, in all 
the Seftions, as alfo the other fegment NM in the 
Ellipfe and Hyperbola, is called an Abfcitfa. 

XIV. Any line pafling through the center of an 
Ellipfe or Hyperbola, which is terminated*both 
ways by the Curve in the former, and by the oppo- 
fite Curves in the latter, is called a Diameter. 

XV. A line drawn through any point in the pa- 
rabola parallel to the Axis is called a Diameter to 
the Parabola. 

XVL Any point where a Diameter meets the 
Curve is called a Vertex to that Diameter. 



PROP. III. 

. The Axis bife&s all its Ordinates, and divides 
the Conic Se&ion into two equal and fimi* 
lar parts. 

Fie 3, y ET PNp be any ordinate, meeting the axis 
* X * in #. Join SP> Sp*, and becaufe Sp is equal 
y to 
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to SP 9 Prop. i. and SN is common to the two 
right angled triangles SNP, SNp 9 Np will be equal 
to NP. And becaufe all the ordinates are bife&ed, 
if the curve Afp be turned round upon the axis 
AN 9 and placed upon AL P 9 all the points p will 
coincide with all the points P> and the curve ATp 
with the curve ALP* 



PR OR IV, PR OB. 

The Focus, Dire6trix, and the Determining 
Ratio being given, to defcribe the Conic 
Se&ion. 

LET DX be the dire&rix, and S the focus. Pig. 3, 
Through the point S draw SD perpendicular 4» 

to DX 9 which produce indefinitely. Draw LST *• 

parallel to DX; and take SL and S T to SD in the 
determining ratio. Then LST 9 Cor. 3. Def. is 
the latus re&um. Join DL 9 DT 9 which muft 
alfo be produced indefinitely. Take DX, in the 
dire&rix, equal to DS 9 and join XS 9 cutting the 
line DT in G 9 which, Prop. 2. will be parallel to 
the line DL in the parabola; it will meet it in fome 
point g 9 in the direction DL, in the ellipfe, and in 
the oppofite dire&ion in the hyperbola. Through 
the points G and g draw KAG, gMk parallel to the 
direftrix, meeting the two lines DLg 9 DTk 9 and 
the axis in the points K 9 G, A, and g 9 k 9 M\ the 
points A and M will, therefore, be the vertices of 
the axis. Through any point N, in the axis, be- 
tween A and M in the ellipfe, any where on the 
fame fide of A with S in the parabola, and any 
where except between A and M in the hyperbola, 
draw the line QNq parallel to the dire&rix; and 

from 
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from the center S 9 with a radius equal to §>N 9 de- 
fcribe a circle, cutting thejine Qg in the points P 9 p$ 
and join SP 9 Sp 9 which are each of them equal to 
§>N 9 and therefore the points P and p will be in the 
curve, by the 1 firft propofition. 

Cor. i. If the latus redtum, and the diftance 
of the focus from the vertex be given, the Conic 
Seftion may be defcribed. For let S be the focus; 
and through S draw the indefinite right line ASN y 
- in which take SA equal to the given diftance 
from the vertex. Draw LST perpendicular to 
ASN; and take SL, ST each of them equal to half 
the latus reftum. Through A draw KAG pa- 
rallel to LT; and take AG equal to AS. Join TG 9 
which produce to meet SA in D : Join DL and GS 9 
which produced, will meet in the point g in the di- 
rection jDZ*> in the oppofite direction, or they will 
be parallel; in the firft cafe the Section will be an 
eUpife, in the fecond an hyperbola, and in the 
third a parabola, and the curve may be defcribed 
as before. 

Cor. 2. Hence if two right lines D§$j> Dqbc 
inclined to each other at any given angle* which is 
bifedted by the line DN 9 and another line $j$ 9 
which is perpendicular to DN 9 move parallel to 
itfelf, and interfed the lines SP 9 Sp 9 revolving 
about any point S in the line DN 9 in fuch a man- 
ner,, that SP 9 Sp (hall ahyays be equal to §N or 
qN 9 the points of interfe&ion P 9 p will defcribe a 
Conic Seftion, which, Cor. 3. Prop. 1. will he a 
paraboIa > an ellipfe, or an hyperbola, according as 
the angle §>J) g is equal to, lefs, or greater; than a 
right angle* 
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fROR V. 

The fquare of the femi-ordiriate to the axis, 
in the Parabola, is equal to. the re£langle 
under the latus re6tum mid the abfcifla. 

BECAUSE the line $jj is bifedted in N y the v Frc 3; 
reftangle ^Rq 9 together with the fquare of 
RN 9 is equal to the fquare of ^jV, which is equal 
to the fquare of SP 9 Prop. 1. or to the fquares of 
SN 9 PN 9 or of RN, PN 9 Cor. 1. Prop. 2. and if 
from each of thefe be taken the fquare of RN 9 the 
remaining rectangle §>Rq will be equal to the 
fquare of PN* But §>R is equal to SL, and Rq is 
equal to RN and Nq 9 or to SN, Nq; and the angle 
NDq being half a right angle, Cor 3. Prop. 1. NqD 
is alfo half a right angle, and Nq is equal to 
ND; therefore Rq is equal to SN and ND, 
that is to SD and twice SiV, or to twice&^and twice 
SN, Cor. 2. Def. which is equal to twice AN + 
therefore the reftangle §>Rq is equal to the reft> 
angle under SL and twice AN, or to the re&angle 
under AN and twice SL, or LT; and therefore 
the fquare of PN is equal to the reftangle under 

an, z,r, 

Cor. i. The latus re&um being conftant, 
the abfcifla will vary as the fquare of the ordinate* 
- Cor. 2. The parabola recedes from' the axis 
without limit. For the abfcifla increafes without -• 
limit, and therefore the fquare of the femi-ordi- . 
nate, which varies as the abfcifla* will alfo increafe 
without limit. 

Cor. 3. Any line, which is drawn parallel to the 
axis of the parabola, will cut the curve only in one 

B point; 



Fig. 6, 
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point. . For if it be fuppofed to cut the curve irf 
more points than one, the femi-ordinates drawn 
through the points of interfe&ion would be equal, 
when the abfcifise are unequal, which is impoflibki 

LEMMA L 

If four ftraight lines be proportionals, and any 
other four proportionals, the re&angle ud- 
der the firft and fifth will be to the re£tan^ 
gle under the fecond and fixth as the re6U 
angle under the third and feverith to the 
re6tangle uiider the fourth and eighth. 

LET AB be to CD as EFto GH, and BI to 
DK as PL to HM; and let AI be the reftan- 
gle under AB, BI; CK the reftangle under CD, 
DK; EL the re&angle under EF, FL; and GM 
the re&angle under GH, JHtM; then AI will be to 
CK as EL to GM. For in D K, HM, produced 
if neceflary* take DN, HO fuch, that AB ftiall be 
to CD as DN to BI, and EF to GH as HO to 
FL ; and complete the re&angles CN, GO. Then 
the redtangle CN is equal to the re&angle AI, and 
the reftangle GO equal to the redtangle EL. But, 
AB being to CD as EF to GH, and as DN to BU 
DN is to BI as EF to Gi/, or as HO to FL. 
But BI is to £>£ as FL to #Af; therefore ZW is 
to DK as HO to HM; a$d the reftangle CN 
being to the rectangle CK as Z)i\T to jDi5T, and the 
re&angle GO to the re&angle GMas HO to HM, 
CN is to CX as GO to Gilf; therefore the re&angfe 
AI is to the re&angle CK as the re&angle EL to 
the re&angle GM 

Cor, 
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- €or/ If AB be to CD as EF to Gi7, the fquare 
upon AB will te to the fquare upon CD as the 
fquare upon EF to the fquare upon GH, for, if any 
of the corrcfponding terms, as AB, BI, be equal to 
each other, the reftangle AI becomes the fquare 
upon AB. i 

P R O P. VI. 

^ 

The fquare of the femi-ordinate to the axis, 
in the ellipfe and hyperbola, is to the re6l- 
angle under the abfciffae as the fquare of 
the conjugate axis is to the fquare of the 
trarifverie axis. 

THROUGH the point G draw GVW in thi Fie. 4, 
ellipfe, and VGWV in the two hyperbolas 5 ] 

parallel to the tranfverfe axis AM. Then, becaufe 
the lihes KAG, $Nq, gMk are parallel, 
$R : KG ;: gR : gG :: VW ': GW :: NM: AM, & 
Rq : gk :: GR : Gg :: GV ; GW v. AN : AM; 
therefore, Lem. 1. the reftangle QRq is to the reft- 
angle KG, gk as the reftangle ANM to the fquare 
of AM. But it may be proved, in the fame man- 
ner as in the laft propofition, that the reftangle 
§Rq is equal to the fquare of PN; and GK being 
equal to twice SA, and gk equal to twice SM 9 
Cor. 1.. Prop. 2. the reftangle KG,gk is equal to 
four times the reftangle ASM, or to four times the 
fquare of BC 9 Def. 11 . which is equal to the (quart 
of Bb; therefore the fquare of PN is to the fquare 
of Bb as the reftangle ANM to the fquare of AM* 
and alternately, the fquare of PN is to the reftan- 
gle ANM as the' fquare of Bb to the fquare of 

AM. 

b % C01L 
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Cor. x. Becaufe AM* Bb are bifeAed in C, the 
fquare of PiV is to the reftangle A$M as the 
fquare of B C to the fquare of AC. 

Cor. 2. The axes being conftant, the fquare of 
the femi-ordinate varies as the reftangle under the 
abfeiflk. 

Cor. 3. The conjugate axis in the ellipfe is ter- 
minated by the jpurve: f$r, when the ordinate 
paffes through the center, the re&angle under the 
abfeiff^ is equal to the fquare of half the tranfverfj* 
axis; and therefore the fquare of the femi-ordinate 
is eqtial to the fquare of half the conjugate axis, 
and the ordinate fe equal to the conjugate axis. 

Cor, 4. The two hyperbolas recede from the 
axis without limit: for the two abfeiffe increafe 
without limit; and therefore the fquare of the femi- 
ordinate will increafe withput limit. 

Cor. 5. Thofe ordinates which ate at eqxial dis- 
tances from the center of the ellipfe and the twq 
hyperbolas are equal ; and thofe whicji are nearer 
to the center are greater in the ellipfe, and left in 
the hyperboja, than thofe which are more remote : 
for the abfcifl^ which are at equal diftances from 
the center are equal ; and the re&angle ANM be- 
ing equal to the difference of the fquares of CM, 
CN, it will increafe in the ellipfe, apd decreafe iri 
the hyperbola, as CN decreafes, that is, th$ nearef 
PN i$ to the center. 

Cor. 6. Any line, which is drawp parallel to the 
^xis of the hyperbola, will cut each of the oppofifc 
curves only in one point ; for, if it be fuppofed to, 
cut either of the curves in more points than one, 
the ordijutes which are drawn through the points 
of interfeft ion would be equal, when the diftances 
from the cepter are unequal, which is impoflible. 

PROP. 
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prop. vn. 

The latus re£bim of the ellipfe and hyperbola 
is a third proportional to the tranfverie and 
conjugate axes. 

FOR the fquare of AG is to the* fquare of BC f F10.4, 
Cor- i- Prop- 6- ^ the re&angle ASM, at S* 

the fquare of 2?C, is to the fquare of SL; therefore 
AC is to BC as J?C to SZ,, and z^C to zBC as 
25C to 2SL, that is, ^JVf to 5* as Bb to £,7*. 

Cor. Hence the redtangie under the abfciflae is 
to the fquare of the femi-orclinate as the tranfverie 
a$is t9 the latus redtum : for AM is to LT as th$ 
fquare of AM to the fquare of Bb, that is, 4s the 
jre dangle ANM to' the fquare of PN, ' ' 



PROP. VIH, 

Tjie fquare of half the conjugate axis, in the 
ellipfe and hyperbola, is equal to the differ- 
ence of the fquares of half the tranfverie 
axis and the diftance of the focus from the 
center, 

BECAUSE AM is bifefted in C, the reftangle Fig. 7, 
ASM is equal to the difference of the fquares of *jp 
AC and SC; but the reftangle ASM, Def. 1 1 . is equal 
to the fquare of BC; therefore the fquare of BC is 
equal to the difference of the fquares of AC and SG. 

Cor. 1 . If a line SB be drawn from the focus f lGm ^ 
of the elligfe to the vertex of the conjugate axis, it 

will 
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will be equal to half the tranfverfe axis : for, the 
fquare of B C being equal to the difference of the 
fquares of AC>SC 9 the fquare of AC will be equal 
to the fum of the fquares of BC 9 SC, or to the* 
fquare of SB ; therefore SB is equal to A C. 
Fig. 8. Cor. 2. The diftance between the vertices of 
the two axes, in the hyperbola, is equal to the diP 
tance of the focus from the center : for, the fquare 
% of BC being equal to the difference of the fquird£ 
of SC and AC 9 the fquare of SC will be equal to 
the fum of the fquares of AC r BC 9 or to the fquare 
0f ABy therefore AB is equal to SC. 

PROP. IX, 

The conjugate axis bife6ls aril lines drawri pa- 
rallel to the tranfverfe axis, which are ter- 
minated by the ellipfe, and by the opposite 
hyperbolas. Thofe lines which are equally 
diftant froiri the center are equal; and thofe 
-which are nearer to the center are greater 
in the ellipfe, and lefs in the hyperbola, 
than thofe which are more remote. 

f io. 9, *T*A£E GN any diftance firoin the center, be- 
IO * X tween C and A in the ellipfe, and in CA pro- 
duced in the hyperbola. Take CR 9 on the other 
fide of the center, equal to Cft/;" and through tfte 
points N 9 R draw the ordinates PNp>> §(Rq * join 
P£t, y pq> and let lihem meet the conjugate axis in 
n and r. Theto, becaufe the ordinates Pp 9 §^q zr$ 
equal, Cor, 5. Prop, 6. and they aFe bife&ed in N 
and R 9 the lines Pj^, NR, pq are equal and paral- 
lel ^ and becaufe Pnjprsxc equal to JVC, and §n> 
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<p equal to RC, or NC, P^, p q are bife&ed in H 
and r, and they are at equal diftances from the cen- 
ter, becaufe Cn, Cr are equal to PN, Np. Laftly, 
as Cn decreafes PN decreafes, and therefore CN, 
Cot. 5. Prop. 6. increafes in the ellipfe, and decreaf- 
es in the hyperbola ; but Pn is equal to CN, Pn 
therefore increafes in the former, and decreafes in 
the latter, as Cn, its diftance from C, decreafes. 

Cor.. 1. The conjugate axis divides the ellipfe 
into two equal and fimilar parts : the two oppofite 
hyperbolas arc equal and fimilar : and the ellipfe and 
hyperbola have each of them another focus and di- 
reftrix, which have the fame properties as the for- 
mer. Take CH, on the other fide of the center, 
equal to CS, and Cd equal to CD : through d draw 
xde perpendicular to cd, and let it meet the lines 
PQj, fq me, x, and join H^. Then if the whole 
figure nQMqr be turned round upon the axis Bb 3 
and placed upon nPApr, n^rq will coincide with 
nP, rp, and all the points i^, q in the curve §>Mq 
with all the points P,p'm PA p. The ftraight line 
xde will alfo coincide with XDE, the point if with 
5, and the lines H%j % with the lines SP, PE ; 
therefore HQjs always to % in the fame ratio that 
£PistoP£. 

Cor. 2. Suppofe the line EP^ Fig. 9. which is Fie. 9* 
always parallel to DAM, to move from the center to- 
wards B : then, when Cn becomes equal to CB, the 
points P, ^will coincide in the point B, and the line 
EPQj which meets the curve only in one point, 
will be a tangent to the ellipfe ; and therefore the 
ordinates to the conjugate axis are parallel to the 
tangent at its vertex, 



PROP. 
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PROP. & 

The fquare of the ferai-ordinate to the conju- 

, gate axis, in the EUipfe, is to the re£fcangle 

under the abfciffae as the fquare of the trank 

verie axis is to the fijuare of the conjugate 

axis. 

FOR P«^being parallel to AM, it is perpendi* 
cular to BCb, and it is bife&ed in n, by the l^ft 
Prop, it is therefore an ordinate to Bb: and the 
fquare of PN, or Cn, is to the fquare of BC as 
the reftangle ANM to the fquare of AC, Prop. 6< 
therefore the difference of the fquares of BC, Cn is 
to the fquare of BC as the difference of the fquare of 
AC and the re&angle ANMis to the fquare of AC; 
but the difference of the fquares of BC, Cn is equal 
to the re&ajigle Bnb, and the difference of the fquare 
of AC and the rectangle AN Mis equal to the fquare 
of CN or Pn - 9 therefore the re&angle Bnb is to the 
Square ofCBas the fquare of Pn to the fquare of 
AC ; and alternately, and by inverfion, we have the 
fquare of Pn to the re&angle Bnb as the fquare of 
AC to the fquare of BC, or as the fquare AM to 
the iquare of Bb. 



P R O P. XL 

The tranfverfe axis, in the Ellipfe arid Hyper* 
bola, is to the diftance between the direc- 
trices in the determining ratio. 

FOR 
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P)R SA is to AD as SM to MD, and alter- Fig, 9, 
nately, SA is to SMas AD to MD ; therefore *<>• 
Jby compofition in the ellipfe, and by divifion in the 
hyperbola, AM is to SA as Dd to AD, and alter- 
nately, ^A/ is to Dd as S^ to AD ; that is, Cor. 2. 
Pef. in the determining ratio. 

Cor. 1. Hence, Dd and AM being bife&ed in 
G, ^ C is to CZ) in the determiaing ratio. 

Cor. 2. The diftance between the foci is to the 
tranfverfe axis in the determining ratio. For SM 
is to MD as SA to AD, or as HM to AD ; and al^ 
ternately, SM is to HM as MD to ^Z> ; and by 
divifion in the ellipfe, and by compofition in the hy- 
perbola, SH is to HM as AM to AD ; and alter- 
nately, SH to AM as JSM to -4D, or as SA to ^Z>. 

Cor. 3. Hence the diftance between the foci, 
the tranfverfe axis, and the diftance between the di- 
reftrices are continual proportionals. 

Cor. 4. Hence, if the tranfverfe axis and the 
foci of an ellipfe or hyperbola be given, the deter- 
mining ratio is given. 

PROP. XII. 

All the diameters of an Ellipfe or Hyperbola 
are bife6ted in the center. 

FROM any point P in the curve draw PC to Fig. 7, 
the center, and PN perpendicular to the axis. 8 * 

Take Cn, on the other fide of the center, equal to 
CN - 9 and through the point n draw nG parallel to 
NP, but on the oppofite fide of the axis, which 
produce till it meet the curve in G, and join CG. 
Then, becaufe Cn is equal to CN 9 the femi-ordi- 
nates Gn,PN will be equal, Cor. 5, Prop. 6. and 

C the 
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the angles at N and n being each of them a right 
angle, the triangle CnG will be equal to the trian- 
gle CNP; therefore CG is equal to CP> and the 
angle nCG equal to the angle NCP-, and therefore 
PCG is one ftraight line, which is bife&ed in C. 



DEFINITION XVII. 

Two conic fe&ions, or two fegments of conic 
fe&ions are faid to be fimilar, when a redtilinear 
figure may be infcribed in one of them, fimilar to 
any re&ilinear figure which is infcribed in the other. 

PROP. XIII. 

If the angles contained between the focal tan- 
gents be equal, or the determining ratio be 
the fame in two conic fe&ions, the fedtibns 
will be fimilar. 

Fig. 3, T ET there be two parabolas, two ellipfes, or two 
4* JL-i hyperbolas, in which the angles contained be- 
5' tween the focal tangents are equal; then SDL, 
which is half of the angls TDL, will be the fame 
in both curves, and the ratio of SL to SD 9 or the 
determining ratio will be the fame. And if SP 
makes the fame angle with die axis in both, the ra- 
tio of SP to SN will be the fame ; but the ratio of 
SP to ND is the fame; therefore SP is to SD, the 
fum or difference of ND> SD, in the fame ratio in 
the two feftions; and alternately, SP in one is to 
SP in the other as SD in the former to SD in the 

Fig. 5* latter, that is in a given ratio. Therefore let the 

two fedions PA^ paq be "placed in fuch a. man- 

u ner 
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ner that the foci may coincide in S, and that SA 
may be the axis of both: Let PBACQJoz any rec- 
tilinear figure inferibed in one of them; join SP, 
SB, SA, &c. and let them meet the other fedtion in 
the points p, b, a,c,q-, and join pb, ba, ac, &c. alfo 
join^y. Then the figure pbacq will be fimilar to 
PBACQ. For SP is to Sp as SB to Sb ; and alter- 
nately, SP is to SB as Sp to Sb, and the angle P SB 
is common to the two triangles PSB,pSb; therefore 
the triangles are fimilar. In the fame manner it may 
be proved that all the other triangles are fimilar, 
and confequently the whole reftilinear figure pbacq 
fimilar to the reftilinear figure PBAC^ and there- 
fore the feftion pa q is fimilar to the fedtion PAQ. 

Cor. i. The determining ratio in the parabola 
being a ratio of equality, all parabolas are fimilar. 

Cor. 2. Two ellipfes or hyperbolas are fimilar 
when the axes have the fame ratio to each other in 
both. For SC being to CA in the determining ra- F * G « 4* 
tio, which is the fame in both, the fquare of AC is 5 ! 

to the fquare of SC, or to the difference of the 
fquares oiAC,SC, or to the fquare oiBC, Prop. 8. 
in the fame ratio; and confequently AC is to BC, or 
AM to Bb in the fame ratio in both the fedtions. 



PROP. XIV, 

If from any point in the Ellipfe or Hyperbola 
two right lines be drawn to the foci, the 
fum of thefe lines in the Ellipfe, and their 
difference in the Hyperbola is equal to the 
tranfverfe axis, 

c 2 LET 
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Pl. iv. "1" ET P be any point in the ellipfe or hyperbola; 

Fig. 27, J^ an( j j et $ anc j fffo t fe two fo^ j^ pg^ 

PH; and through the point P draw the line EPe, 
Fig. 27. and P£*, Fig. 28. parallel to the axis; and 
let it meet the two direftrices in E and e. Then 
PE, Pe will be perpendicular to the direftrices, 
and SP will be to PE in the determining ratio, or 
as HP to Pe-, and alternately, SP is to HP as PE 
to Ptf; therefore the fum of SP,PH, Fig. 27. and 
their difference, Fig. 28. is to SP as Ee, or Dd, 
to P E ; and alternately, the fum or difference of 
SP, PH is to Dd as SP to PE, or, by the eleventh 
propofition, as AM to Dd; therefore the fum of 
the lines SP, PH in the ellipfe, and their difference 
in the hyperbola is equal to A M, the tranfverfe 
axis. 



PROP. XV. PR OB. II. 

Two right lines bring given, which bife& 
each other at right angles; to defcribe an 
Ellipfe, or an Hyperbola, of which the 
given lines fhall be the axes. 

Fig. 11. THIRST, let the curve be an ellipfe, in which cafe 
Jl the given right lines muft be unequal. Let 
AM, Bb be the given lines, and let Bb be lefs than 
AM. From the center B, with a radius equal to 
AC, defcribe a circle, cutting the line AM in the 
points S and H. Take a ftring equal in length to 
AM, and fix the extremities of it in the points S 
* - and H; and, by means of a pin at P, let the firing 
be flretched, and let the pin be carried round till 
it return to the fame point. The point P will de- 
fcribe an ellipfe, of which AM, Bb are the axes. 

For 



Pl.t. 
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For fuppofe the ellipfe defcribed, of which S is tlie 
focus, A the nearefl vertex, and the ratio of SH to 
AM the determining ratio, which may be done, by 
the fourth propofition ; then AM will be the tranf- 
verfe axis, Cor.. 2. Prop. 11. and Bb the conjugate 
axis of that ellipfe, Prop. 8. and the point <P will be 
in the ellipfe in every part of its revolution. For if • 
not, let HP meet the curve in fome other point G, 
nearer to H, or further from it ; then the fum of 
the lines SG, GH would be equal to AM, or to 
3P, PH, which is impoffible. 

Secondly, let AM, Bb be any two given right p IC# t % % 
lines, bifefting each other at right angles in C; and 
let the curve be an hyperbola. Join AB; and from 
the center C take CS and CH, in AM produced 
both ways, equal to AB. At the point H let the 
end of a ruler be fixed, fo that it may move freely 
round this point as a center; and let a firing be 
taken, the length of which the ruler exceeds by a 
line equal to AM; let one end of the firing be 
fixed at L, and the other in the point S; apply the 
firing, by means of a pin at P, to the fide of the 
ruler LH; and let the ruler be moved about the 
center H 9 whilfl the firing is conflantly applied, 
and kept clofe to the ruler by the pin at P. Then, 
the difference between the whole length of the 
firing SPL and the ruler HL being equal to AM; 
the difference between HP and PS will be equal to 
AM; and the point P willdefcribe one of the oppo- 
fite hyperbolas, of which AM, Bb are the axes. For 
fuppofe the hyperbola defcribed of which S is the 
focus, A the vertex, and the ratio of SH to AM 
the determining ratio ; then AM will be the tranf- 
verfe axis, Cor. 2. Prop. n. and Bb the conjugate 
axis of that hyperbola, Prop .8, and the point P will 
be in the hyperbola in every part of its revolution. 

For 
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For if not, let the line SP meet the curve in fome 
other point G, nearer to «S, or further from it. In 
the firft cafe the difference between HG, GS is 
equal to AM; therefore HG is equal to AM and 
SG y and HG y GP is equal to AM and PS, which 
is equal to HP ; therefore HP is equal to H G, GP, 
which is impoffible. In the fecond cafe HP is 
equal to AM and SP ; and /7P, PG equal to ^M 
and 5G, or to i/G, which is alfo impoffible. 
Therefore the point P muft be in the curve. 

PROP. XVI. PR OB. III. 

Two right lines being given, one of which is 
bife£tcd by the other at right angles ; to de- 
fcribe a Parabola, in which the right line 
bife£led fhall be an ordinate, and the other 
line the axis. 

Fie. 13. y ET* AC, Bb be the two given right lines, one 
X^J of which Bby which is perpendicular to AC> is 
bilefted in C. Find a third proportional to A C> 
CB ; and produce CA to D y fo that AD may be a 
fourth part of that third proportional ; and take AS 
equal to AD. Through D draw DEX perpendi- 
cular to DA C ; and let a ruler, the fides of which 
K£, EL are perpendicular to each other, be placed 
in the plane CDX, fo that the fide EL may be ap- 
plied to DX ; and take a firing equal in length to 
the fide i/jE, one extremity of which muft be fixed 
at H y and the other at S ; and let part of the ftring 
be applied, by means of a pin P, to the fide of the 
ruler HE > and whilft the fide EL moves along 
, DX> let the ftring be ftretched by the pin, and 

coo- 
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conftantly applied to HE. Then, becaufe the 
whole length of the ftring HP S is equal to HE 9 
the part SP will be always equal to PE \ therefore 
the point P will defcribe a parabola, by the firft 
definition, of which AC is the axis, S the focus, 
and DX the diie&rix ; and BCb will be an ordinate 
of that parabola, becaufe it is perpendicular to the 
axis, and C5 is a mean proportional between 
the abfcifla A C and four times A S, or the latus 
reftum. 



PROP. XVII. 

If apy point be taken within a conic fe&ion, 
its diftance from the focus will be to its 
diftance from the dire6trix in a lefs ratio 
than the determining ratio; and if the 
point be taken without the fe&ion, its dif- 
tance from the focus will be to its diftance 
from the dire£trix in a greater ratio. 

Part i. T ET the point L be taken any where Fie. 14, 
1 ^ within the feftion which is on the 15- 

lame fide of the dire&rix with the fecus, Fig. 14. 
or within the oppofite feftion, Fig: 15. Join LS, 
and let it meet the curve in P. Draw LM> PE 
perpendicular to the dire&rix. Join SE y and let it 
meet the line LM in F. Then, becaufe the trian- 
gles SLF, SPE are fimilar, SL is tp LF as SP to 
PE ; but SL is to LM in a lefs ratio than SL to 
LF '; and therefore in a lefs ratio than the deter- 
mining ratio. 

Part 2. Let the point L be taken without the Fic « H- 
conic fe&ion, but on the fame fide of the dire&rix 

with 
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with 5. Join LS, which will cut the curve in P ; 
and draw LM, PE perpendicular to the direttrix. 
Join SM, cutting the line PE in G ; said, becaufe 
the triangles SL M, SP G are fimilar, SL is to LM 
as SP to PG, which is a greater ratio than that of 
SP to PE. Secondly, let the point L be on the 
other fide of the directrix, and let the fe&ion be an 
ellipfe or a parabola. Join LS, cutting the direc- 
trix in N, and the cvrve in P. Draw LM, PE 
perpendicular to the direftrix ; and join SE, which 
produce till it meet ML produced in O. Then 
SL is to LO as SP to PE; therefore LO is not lefe 
than SL ; and SL is greater than LM; therefore 
LO mud be greater than LM; and SL is to LM 
in 3 greater ratio than SL to LO, or SP to PE. 
Fig, 15. LafHv, let the point L be taken any where between 
the aire&rix and the oppofite hyperbola. Draw 
LE perpendicular to the dire&rix, which produce 
till it meet the oppofite hyperbola in P ; and join 
SP. Through P draw PF parallel to the dire&rix, 
meeting SL produced in F; and draw FM parallel 
to PE. Join SE, and produce it till it meet FM 
in G. Then it is evident that SF cannot be lefs 
than SP ; and SL is to LE as SF to FG f that is, 
in a greater ratio than SF to FM, or than SP to 
PE. 

Cor. Hence, if the diftance of any point from 
the focus of a conic fedion be to its diftance from 
the direftrix in the determining ratio, that point is 
in the feftion ; and if its diftance from the focus be 
to its diftance from the directrix in a greater, or ia 
a lefs ratio, the point will be without, or within the 
conic fedion. 



PROP. 
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PROP. XVIII. PROB. IV. 

The focus, the direfhix, and the determining 
ratio being given ; to find the points in which 
a ftraight line paffing through the focus, 
which is given in pofition, Bidets the conic 
fe&ion, or oppofite fe&ions, v - *' 

IF the line which pafles through tne fooifc be pa-i ^ IG - l6 > 
rallel to the dire&rix, it will coincide with the I7 * 
latus reftum, and the propofition is manifeft. If 
the line S@ be not parallel to the dire&rix, let it 
meet it in fome point ^ Take QH and <3jG ii\ 
the dire&rix, on oppofite fides of §>j, each of them 
equal to QS. Draw the latus re&um LST-, and 
join LG, LH; and produce LH till it meet i^S 
produced, if poffible, in p. The points P, p 9 m 
which LG and LH meet the line §S, will be in the 
conic feftion. For draw PE>pe perpendicular to 
the dire&rix; and becaufe the triangles SPL y PQG 
are fimilaf, as alfo the triangles P§E, SQP> SP is to 
SL as P^ t to $G, or %S 9 or as PE to SD> and al- 
ternately, SP is to PE as SL to SD> that is, in the 
determining ratio; and therefore, Cor. Prop. 17. 
the point Pis in the ciirve. And becaufe the triangles 
pSLypQHzre fimilar, as alfo the triangles p§{e>S§[Pi 
Sp is to SL as Qj> to §*H> or §>S 9 or as pe to SD+ 
and alternately > Sp is to pe as SL to SD-> therefore p 
is alfo In the curve; and the line QS meets ths; 
curve in the points P and p. v 

Cor. 1. Every line which pafles through the, 
focus of the parabola will meet the curve in two 
points, except that which is perpendicular to the 
dire&rix. For it Is evident that it yrili meet the 

D ^prve 
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Fig. 163 curve ill fome point P, between the latus re&um 
and the dire&rix, in all the conic feftionsj and 
when ^, coincides with D> $ ^ will be equal 
to SL; therefore SL is equal to -§>Jt y and the Jirjes 
^S, HL are parallel ; but if ^ does not coincide 
with D $ S^ will be greater than SD; and therefore 
§jt. greater than SL 9 and the lines "<?>$, HL will 
meet in fome point p 9 which is in the cwve, by the 
propofition. 

Cor. 2. Every line which pafles through the 
focus of an ellipfe will meet the curve in twe 
points. 

Cor. 3. If a line pafling through the focus of an 

hyperbola be inclined to the diredtrix afftich an 

angle, that the radius is to the fine of it in 

the determinig ratio, it will meet the curve only 

In one ppjnt : if it be inclined at a lefs angle, it will 

meet the fame hyperbola in two points; and if it 

be; inclined at a greater angle, it will meet each of 

the oppofite curves in one point. 
Fig. 16, pj^ j et t k e ^(1!^ b e to t j ie f mc pf the angle 

$QP i& the determining ratio ; then 5^ will be to 
SD as SL to SD; therefore S^ or %H 9 will be 
equal to SL, and the lines S^ LHvtiR be parallel. 

Fig. 16. Secondly, let the line S^be inclined to the direc- 
trix at a lefs angle ; then 5^is to SD in a greater 
ratio than SL to SD; therefore 5^, or ^H 9 is greater 

Fie. 17, than SL; and QS 9 HL will meet in fome point f in 
the diredion §S. Laftly, let the angle S^D be 
greater; then Si^is to SD in a lefs ratio than SL 
to SD; therefore S^, or §H, is lefs than SL ; and 
the lines S^ LH will meet in the oppofite curve* 
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DEFINITION XVIII. 

m 

If from the center C, at the diftance CA> half the Fig. 18. 
tranfverfe axis, a circle be defcnbed, cutting the 
dire&rix of the hyperbola in the points i/, k, and 
lines be drawn from the center through the points 
of interfe&ion, thefe lines are called the Afymptotes. 

PROP. XIX. 

If lines be drawn from the focus to the points 
in which the afymptotes cut the dire6trix, 
they will be perpendicular to the afymp- 
totes : and the angle contained between the 
afymptote and the dire&rix is fuch, that the 
radius is to the fine of it in the determining 
ratio. 

LET the afymptotes Ca, CG cut the dire&rix in Fie. 18. 
the points H 9 h- 9 and join SH 9 SA. Then CS is 
to CA as CA to CD> Cor* 3. Prop. 11. but CHh 
equal to CA, therefore CS is to CH as CH to CD, 
and the angle SCH is common to the two triangles 
SHC, CDH; therefore the triangles are fimilar, and 
the angle SHC is equal to the angle CDH, which 
is a right angle. In the fame manner it may be 
proved that the angle ShC is a right angle! Se- 
condly, CA> or CH, is to CD in the determining 
ratio; and, CH being made radius, CD is the fine 
of the angle CHD. 

Cor.* 1. Hence* if a line be drawn through the 
focus parallel to an afymptote, it will cut the curve 
only in one point. 

d 2 Cor. 
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Fig. 19* Cor. 2. If a line PC? be drawn from any point 
Pin the hyperbola, or in the oppofite curve, paral- 
lel to the afymptote, meeting the dire&rix in G 7 
PG will be equal to PS. From P draw PE per- 
pendicular to the direftrix; and becaufe the angle 
PGE is equal to the angle CHD, PG is to PE in 
the determining ratio, or as SP to PE; therefore 
PG is equal to SP. 

Cor. 3. Hence, if the focus, the dire&rix, and 
the pofition of the afymptote l?e; given, the hyper- 
bola may be defcribed, by means of a ruler and 
firing, in the fame manner as the parabola is de- 
fcribed, Prop. 16. provided the fides of the ruler be 
inclined to each other in the fame angle as the 
afymptote and dirc&rix. 

P R O P. XX. 

The afymptotes never meet the curve: but 
any other line drawn parallel to an afymp- 
tote will meet one of the hyperbolas. 

Fig. 19. T70R if it be poffible, let the afymptote meet the 
JL curve in the point R> Join RS, and draw RN 
perpendicular to the dire&rix. Then, by the pre- 
ceding propofition, HR is to RN in the determin- 
ing ratio, or as RS to RN-^ therefore RS is equal 
to RH, and the angle RSH is equal to the angle 
RHS t which is impoflible, the angle RHS being a 
right angle. In the fame manner it may be proved 
that it cannot meet the oppofite curve* 

Let any other line GP be drawn parallel to the 
afymptote; and firfl let it be nearer to the focus. 
Join SG 7 and produce it till it meet the afymptote 
CH ia 1 1 then the angle SGP is equal to the angle 

SIH, 
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SIH, which is lefs than the angle SHR, a right an- 
•gle; therefore, the angle SGP being lefs than a 
right angle, if the angle GSP be made equal to 
SGP, SP 9 GP will meet, when produced, fomewhere 
in P, which is a point in the curve. For draw PE 
perpendicularto the dire&rix ; and the angle PGE 
being equal to the angle CHD, PG is to PE in 
the determining ratio ; therefore SP is to PE in 
the fame ratio, and P, Cor. Prop. 17. is in the hy- 
perbola. Secondly, let gp be drawn parallel to the 
afymptote, at a greater diftance from the focus. 
Join Sg, cutting the afymptote in i\ then the angle 
Sgp is equal to the angle SiH, which is lefs than 
the angle SHi, a right angle : if therefore the angle 
gSp be made equal to Sgp± the lines Sp> gp will 
meet, when produced, in fome point p, which is in 
the oppofite hyperbola; for the angle pge being 
equal to CHD, pg is to pe in the determining ratio; 
and therefore Sp is to pe in the fame ratio, and the 
point -p, Cor. Prop. 17. is in the c|irve. 

Cor. Hence it is evident, that if any line be 
drawn through the center of an hyperbola within 
the angle contained between the afymptotes it will 
meet both the curves. 

PROP. XXL 

The diftance between the focus and the point 
in which the afymptote cuts the directrix, 
as alfo the tangent at the vertex, intercept- 
ed between the vertex and afymptote, are 
each of them equal to half the conjugate 
axis. 



FOR 
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F)R the fquare of SH is equal to the difference 
of the fquares of &C 9 CH 9 or to the difference 
of the. fquares of SC 9 CA; which, Pfop. 8. is tfqual 
to the fquare of BC; therefore SHis equal to BC. 
Secondly, becaufe CH is equal to CA 9 and the an- 
gles SHCy CAa 9 are right angles* and the angle 
SCHis common to the two triangles SHC 9 CAa 9 
the triangles ate equal, and A a is equal to SH> 
which was proved equal to BC 

Cor, If A a and AG be taken rn the tangent 
GAa each of them equal to CB 9 and the lii>es 
Ca 9 CG be drawn from the center, the poiition of 
the afymptotes will be determined. 

DEFINITIONS. 

XIX. If AM be the tranfverfc axis, and Bb the 
conjugate axis of any two oppofite hyperbolas, and 
two other hyperbolas be defcribed, of which the 
tranfverfe axis is Bb 9 and the conjugate axis AM, 
thefe hyperbolas are faid . to be conjugate to the 
former. 

XX. When the two axes are eqtial the hyper- 
bolas are faid to be equilateral. 



Fig. i8. 



PROP. XXII. 

The afymptotes are diagonals of the rectangle 
which is made by drawing tangents through 
the vertices of the ; foui? hyperbolas. 

LET the t^ngfcnts GAa 9 IMi 9 which are drawn 
through the vertices of the tranfverfe axis, meet 
the afymptotes in G 9 a 9 and i, /, Join 1B 9 GB 9 as 
alfo a by ib. Then, becaufe CM is equal to CA, and 
f o the 
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the angles at A and M are right angles, and tlje 
angles at C vertical, the triangle CMI will be equal 
to the triangle CAa\ and MI equal to Aa, which ~ 
is equal to CB, by the preceding propofition. In 
the fijme manner it may be proved that Mi is equal 
to Cb 9 pr to CB ; therefore IB, BG are equal and 
parallel to MC 9 C A, the angles IB £ GBC are each 
of them a right angle, and IB G is one ftraight line, 
which is eqyal and parallel to MA. For the fame 
reafon iba is one ftraight line, which is equal and 
parallel to MA\ and becaufe the lines IBG, iba are 
perpendicular to the axis BCb, they are tangents 
to the conjugate hyperbolas, and IGai is'a reS:an- 
gle, of which the afymp totes la, Gi are the diago- 
nals. 

Cor. i. The afympisotei GCi, ICa are alfo 
afymptotes to the conjugate, hyperbolas; For BI 
and BG are each of them equal to CA, which is 
the femi-e^njugate axis to the hyperbolas LBR^ 
Ibr. * 

Cor. 2. If the hyperbolas be equilateral, the 
afymptotes will be perpendicular to eaph.dther: for 
CA being equal to AG> or to A a, each of the an- 
gles ACGj AC a will be half a right angle; and 

therefore the angle GCa will be a right angle. 

■ ■ , 

prop. xxni. 

If a right line Pp> which cuts a conk fe£Uon Fig. 20, 
or opposite fe£lions in two points P, p> 
meets the dire£trix in H 9 and a right line 

. HSTbe drawn through the focus, and SP> 
Sp be joined; the angle PSB will be equal 
to the angle pST. 

DRAW 
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( RAW pT parallel to PS, and let it meet HS 
in T; and draw PE,pe perpendicular to the 
dire&rix. Then the triangles HPE, Hfe will be 
fimilar, as alfo the triangles HSP, HTp; and SP is 
%o PEjas Sptope; and alternately, S P is to Sp as 
PE tQ pe, as HP to Hp 9 or as SP to Tp , therefore 
£/> is equal to 7^, and the angle pST is equal to 
the angle ^TS, which is equal to the angle PSH. 

Cor. i. When P and p coincide, or when HP 
becomes a tangent to- the conic feftion, SP will co- 
incide with Spy and each of the angles PSH,pSf 
will be a right angle* 

Cor. z. Hence, if a line SP be drawn from the 
focus to any point P in a conic feftion, and &£f be 
drawn perpendicular to SP, meeting the direftrix 
in H, and HP be joined, it will touch the conic 
feftion in the point P* 

Cor. 3 Let the line HP, which meets the di- 
rectrix in H, cut a conic feftion in $ny point P; 
join SP, draw HS 7* through the focus, and make 
the angle TSp equal to the angle HSP; then if 
HP, Sp «be produced till they meet in p, the point 
p will be in the conic fe&ion, or in the oppofite fee- 
tion. For the angle TSp is equal to the angle 
HSP, or to the angle STp, and Tp is equal to Sp; 
and Tp, or Sp, is to SP as pH to Pi7, or as p e to 
PE; and alternately r Sp is to £r as S P to P£; 
therefore p is a point in the conic fedtion, Cor* 
Prop. 17. 

C6r. 4. Any line drawn parallel to an afymptote 
will meet the hyperbola, or the oppofite hyperbola, 
only in one point. 
Fig. 20, It is evident that it will only rqeet one of the hy- 
perbolas, from Prop. 20. Therefore let HP be 
drawn parallel to an afymptote, meeting the hyper- 
bola in Pi and if it be poflible, let it meet the 

fame 
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lame curve in fbrfte other point p ; and join SP, Sp. 
Becaufe HP is equal to SP, Cor. 2. Prop. 19. the 
angle SHP is equal to the angle PSH, or to the 
angle pST; which, is impoffible,/>S?' being the ex- 
tenor angle of the triangle pHS. 

Cor. 5. It is evident, from this propofition^ that 
a ftraight line cannot meet a conic fedtion in more 
points than two. t 

PROP. XXIV. 

IF two tangents be drawn at the extre- 
mities of any line pafling through the fo- 
cus of a conic fe6tion, which is terminated 
both ways by the curve, or by the oppofite 
curves, they will meet in the directrix ; and 
they will contain a right angle in the para- 
bola, an acute angle in the ellipfe, and an 

' obtufe angle, or an acute angle in the hy- 
perbola, according as the line which pafles 
through the focus is terminated by the 
fame, or by the oppofite curves. 

LET PSp be any line pafling through the fo- Fig. 3$, 
cus, which is terminated by the curve, or by *4» 

the oppofite curves in P,p. From S draw Si/ per- *|* 

pendicular to PSp, meeting the dire&rix in H, and 
joiri HP, Hp, which will touch the curve in the 
points P,p, Cor. 2. Prop. 23. Draw PE,pe per- 
pendicular to the direftrix; and SP, PE will be 
the fines of the angles SHP, PHE, HP being made 
radius, and Sp,pe the fines of the angles SHp,pHe, 
Hp being radius. But SP is equal to PE in the 

E para- 
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Fig. 24. parabola, and Sp is equal to pe>> therefore the angk 
SHP is equal to the angle PHE, and, the angie SHp 
equal' to the angle pHe; and the angle PHp is 
equal to the fum of the angles PHE,pHe; there- 

Fig. 23. fore it is a right angle. If the fe&ion be an ellipfe, 
SP will be lefs than PE , therefore the angle SHP 
will be lefs than the angle PHE> and the angle SHp 
lefs than the angle pHe, and the whole angle PHp 
lefs than the fum of the angles PHE, pHe 9 and con^ 

Fie. 25. fequently lefs than a right angle. If the line PSp 
be terminated by the fame hyperbola, SP will be 
greater than PE, and Sp greater than pe ; therefore 
the angle PHp will be greater than the fum of the 
angles PHE, pHe, and confequently greater than a 

Fig. 26. right angle. But if the line SPp be terminated by 
the oppofite curves, the angle SHp 9 in the right an- 
gled triangle HSp, is lefs than a right angle; and 
therefore the angle PHp is lefs than a right angle. 



Cl 



PROP. XXV. 

If a tangent be drawn to any point in the Pa- 
rabola, it will bifedt the angle contained be- 
tween two right lines drawn from the point 
bf contafifc, one to the focus, and the other 
perpendicular to the dire&rix. 

Fig. 24. T ET the line PH 9 which touches the parabola 
1 a in any point P, meet the dire&rix in H. Join 
SP, SHj and draw PE perpendicular to the direct 
trix. The angle SPE is bifeded by the line P#. 
For the angle PHS is equal to the angle PHE 9 the 
angles PSH, PEH are right angles, and PH is 
common to the two triangles PSH, PEH-, there- 
fore 



( 35 ) 

fore the triangles are equal ; and the angle SPH is 
equal to the angle EPH. 

Cor. i . Hence, if the right line PH bifefts the 
angle SPE, it will be a tangent to the parabola in 
the point P. 

Cor. 2. If the tangent be produced till it meet P*». vu. 
the axis in T, the fegment of the axis intercepted FlG * S u 
between the focus and the tangent will be equal to 
the diftance of the focus from the point of contaft. 
For the angle STP is equal to the alternate angle 
TPE, which is equal to the angle SPT; therefore 
$f is equal to Sf, 

PROP. XXVI. 

If two tangents PH, pH be drawn at Fig. 24, 
thfe extremities of any line which pafles 
the focus of the Parabola, and a right line 

. HI be drawn from the point of concourfe 
parallel to the axis, it will bife£t the line 
Pp in J: and HI will be bife£fced by the 
curve in the point A. 

FOR the angle I HP is equal to the alternate 
angle HPE, which is equal to the angle HPI 9 
by the preceding propofition; therefore IP is equal 
to IH; and for the fame reafon Ip is equal to /i/; 
and therefore IP is equal to Ip* Secondly, SA 
being equal to AH, the angle ASH is equal to 
AHS ; but the angle SHI and SIH are together 
equal to a right angle, and therefore equal to ASH 
and J SI; and if from thefe be taken the equal an- 
gles SHI, ASH, the remaining angles AIS, ASI 
will be equal, and AI will be equal to AS, which 
is equal to AH. 

e 2 PROR 
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PROP. XXVII, 

If a tangent be drawn to any point in an El- 
lipfe or an Hyperbola, and two lines be 
drawn from die point of contact to the 
foci ; the angles contained between each of 
thefe lines and the tangent are equaL 

FxG - J J T ET the line ?T touch the ellipfe or hyperbola 
\JL-J in any point P> and let it meet the dire&rices 
in T and /. Through P draw EPe 9 Fig. 27. and 
PEe, Fig. 28. parallel to the axis AM* meeting 
the diredtrices in E and e y which will be perpendicu-* 
lar to the direftrices. Draw PS> PH to the foci r and 
join 57*, Ht. Becaufe the triangles TPE, tPe are 
fimilar, PE is to Pf as Pe to Pt 9 and 

SP is to PE as HP to Pe; therefore 
SP is to PT as HP to Pt 9 and the angles PST % 
PHt are right angles, Cor. 1. Prop. 23. therefore 
the triangles SPT> HPt are fimilar, and the angle 
5P7* is equal to the angle HPt. 

Cor. 1. If a line TP be drawn through any 
point P in the ellipfe or hyperbola* bife&ing the 
angle SPH in the latter, and its iuppiement in the 
former, it will touch the curve in the point P. 

Cor. 2. If a line PR be drawn from any point P 
perpendicular to the tangent, meeting the axis ia 
R ; it will bifeft the angle contained between the. 
lines which are drawn from the point of contaft to 
the foci in the ellipfe, and the angle which is coa- 
tained between one of thefe lines and the other pro- 
duced in the hyperbola. For the angle RPT being 
equal to the angle RPt, Fig. 27. and equal to 
RPW> Fig. 28. if from each of thefe be taken SPt y 

HPh 
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HPt, Fig. 27. and SPT, hPW, Fig. 28. the re, 
maining angles RP S, RPH in the ellipfe, aa4 RPS, % 
RPh in the hyperbola will be equal. 

PROP, XXVIII, 

The tangents at the vertices of any diameter 
of an Ellipfe or an Hyperbola are parallel. 

LET pCGbc any diameter of the ellipfe or hy* Fica^ 
perbola. Draw the tangents P^ y GR ; and 3* 

join SP, PH and SG, GH. Then, becaufe SC is 
equal to CH> CP equal to CG, and the angles at C 
are vertical, the triangles SCP, HCG are equal, and 
the angle SPC is equal to the angle HGC, and SP 
is equal and parallel to GH-, therefore PH is equal 
and parallel to SG, and SPHG is a parallelogram ; 
therefore the angle SPH is equal to the angle 
&GH-, and the halves of thefe angles, Fig. 30. and 
the halves of their fupplements, Fig. 29. will be 
equal, that is, the angle SP§^ equal to die angle 
HGR 5 and if thefe be added to the equal angles 
SPC, CGH in the ellipfe, and fubftra&ed from 
. them in the hyperbola, CP^vnll be equal to CGR ; 
and therefore P^is parallel to GR. 

Cor. If two tangents be drawn at the vertices 
of any other diameter of the ellipfe, or of any dia- 
meter of the conjugate hyperbolas, which are pro- 
duced to meet the tangents P^, GR, a paralle- 
logram will be formed, which is circumfcribed 
about the ellipfe, and infcribed in the four hyper- 
bolas. 



DEFINITIONS 



( 3« ) 



DEFINITIONS* 

* ic 27, XXI. The right line PR y which is drawn from 

* 8 * the point of contadt perpendicular to the tangent, 

intercepted between the tangent and the axis of a 

conic fe&ion, is called a Normal. 

Fig. 28. XXH. The fegment of the axis NR, which is 

intercepted between the ordinate and the normal, 

- is called a Subnormal. 

XXIII. If a right line be drawn through any 
• point in the diameter of a conic fe&ion parallel to 

the tongent at its vertex, which is terminated both 
ways by the curve* it is called an Ordinate to ttat 
diameter. 

XXIV. The fegment of any diameter of a conic 
fe&ion, which is intercepted between an ordinate 
and the vertex, is called an AbfcifiL 

XXV. A diameter which is parallel to the tan- 
gent at the vertex of any diameter of the ellipfe oir 
hyperbola, is called a Conjugate Diameter- 

XXVI. A line which is a third proportional 
to any diameter of the ellifpe os hyperbola ancj its 
conjugate, is called a Parameter to that diameter. 

XXVII. If a line be drawn through the focus 
of a parabola parallel to the ordinates of any diamcs 
ter, which is terminated both ways by the curve, k 
is called a Parameter to that diameter. 

s 

PROP. XXIX. PROB. V. 

To draw a tangent to a conic fe&ion from 
any given point without, which is not the 
center of the hyperbola* 

IF 
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IF the given point Hbe in the dire&rix; draw Fig. 31, 
HS to the focus which is nearefl. to the dire&rix; 3 a; 

draw SP perpendicular to SH, meeting the curve 
in P, and join HP r which will touch the conic fee- 
tion in P> Cor. 1. Prop. 23. 
. If the given point be in any other fituation, aft 
at L ; join LS y and draw LX perpendicular to tht 
direftrix. Take LD to LX in the determining 
ratio, and from the center £, at the diftances LD* 
defcribe a circle DMq ; and becaufe LS is to LX 
in a greater ratio than LD to LX> Prop. 1 7 . LS is 
greater than LD y and the point S is without the 
/circle. From S draw S§^ a tangent to the circle, 
and let it meet the dire&rix in H. Join L^ and 
draw SP parallel to it, or perpendicular to SH. 
Join HL and produce it till meet SP in die point 
P, which h in the conic fe&ion, and the line HP 
touches the curve in P. For, becaufe ihe triangles 
H§>L f HSP are fimilar, as alfo the triangles LHX f 
PHE, SP is to PH as §>L to LH, and 

PHh to PE as Lffto LX; therefore 
SP is to PE as QL to LX> that is, in the determin- 
ing ratio ; therefore Pisa point in the curve ; ami 
becaufe PSH h a right angle, PH is a tangeifc, 
Cor. 1. Prop. 23. 

Cor. u Becaufe two lines SJ^, Sq may be drawn 
froiri the point S to touch the circle, two tangents 
LP, Lp may Ije drawn from the point L tb the 
conic fefltion. 

Cor. 2. The lines LP> Lp will touch the hy- Fig, 3*. 
jperbola which is on the lame fid$ of the diredfcrix 
with the focus, or the oppofite curve, according as 
SSlj, Sq touch the circle on the oppofite fide, or on 
the fame fide of the direftrix with the focus. - 

Cor. 3. If the line S^ meets the circle in the 
dire&rix, the line LHP becomes an afymptofce: 

For 



( *> > 

For in that cafe Z^and LH would coincide ; anel 
X^would be to LX as radius to the fine of- the 
angle LHX, therefore LH would be inclined to 
the direftrix at the. fame angle as the afymptote is ; 
and it would never meet the curve, becaufe SP ii 
parallel to L^, or LH\ therefore LH coincides 
with the afymptote. 



PROP. XXX. 

F *°- 33> If two right lines Pp 9 ^, which meet each 
35! other in any point L 9 and are inclined to 
the dire&rix at any given angles LUX, 
LbX, cut a conic fe&ion, or oppofite fee- 
tions, in the points P,p and ^,y; the 
re6tangles under the fegments LP y Lp and 
< L§>^ Lq will be in a conftant ratio to each 
other* wherever the point L be taken. 

LET S be the neareft focus. Join HS 9 and 
1 produce it if neceflary? alfo join SP 9 Sp< 
Draw LX y PE perpendicular to the dire&rix ; and 
from the point L draw LT 9 Lt parallel to SP 9 Sp, 
meeting the line HS in T and /. Becaufe the angle 
PSH> Prop. 23. is equal to the angle pST 9 Fig. 33 
and 35. and equal to pSlV 9 Fig. 34. the angle LTt 
is equal to the angle LtT 9 and LT is equal to Lt. 
From the center L, atthe diftance LT 9 or Lt, defcribe 
a circle, cutting the line HPp 9 in Mand m. Join 
SL, and produce it till iff meet the circle in D and 
dj and becaufe the triangles HPE 9 HLXzxt fimilar, 
as alfo the triangles HPS 9 HLT 9 LT is to SP as LH 
to PH 9 qr as LX to PE j and alternately, LT is to 

o LX 
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LX as SP to P£, that is, in the determining ritio } 
therefore the radius of the circle is the fame when 
L is at the fame diftance from the direftrix, what-* 
ever be the pofition of the line Pp. And becaufe v 
LT is parallel to PS, and Lt parallel pS 9 
LP is to 73 as LH is to TH, and 
pL is to St as LH is to tH; therefor 
Lem. i . the reftangle PLp is to the reftangle TSt 
as the fquare of LH is to the reftangle THt ; but 
the reftangle TSt is equal to the feftangle DSd 9 
and the reftangle THt is equal to the reftangle 
MHm, or to the difference of the fquares of Lit 
and LM\ therefore the reftangle PLp is to the 
reftangle DSd as the fquare of LH is to the'differ- 
cnce of the fquares of LH and LM , but LH is to 
LT, or LM, as PH to PS, and the fquare of LH 
is to the fquare of LM as the fquare jPiaT is to the 
(quare of PS; and by divifion, the fquare of LH is 
to the difference of the fquares of LHznd LMss 
the fquare of PH to the difference of the fquares of 
PH and PS ; which ratio depends only upon the 
determining ratio and the angle LHX, SP being 
to PH in a ratio which is compounded of the ratios 
of SP to PJS, and PE to PH, or of the determining 
ratio, and the fine of the angle LHX to radius. In 
the fame manner it may be proved, that the rect- 
angle §>Ly is to the reftangle DSd in a ratio 
which depends only on the determining ratio and 
the angle L/;X-, therefore the reftangle PLp is to 
the reftangle §>Lq in a conftant ratio, .whatever be 
the diftance of the point L from the direftrix. 

Cor. i. If either of the lines Pp, §j, or both of . . 
them become tangents to the conic feftion, or 
oppofite feftions, the fquares of the tangejits muft 
be fubftituted for the reftangles PLp, $Lq. For Fio. 31, 
Jet LP touch the conic feftion in P. Then, $L 3* 

F being 
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being parallel to SP, by the preceding propofi- 
tion, LP is to QS. as LH to ^H; and the fquare of 
LP, Lem. i. is to the fquare of ^5 as the fquare of 
LH is to the fquare §H; but the fquare of §S is 
equal to the redtangle DS d, and the. fquare of §>H 
is equal to the re&angle MHm ; therefore the fquare 
of LP is to the re&angle DSd as the fquare of LH 
is to the redtangle MHm, or to the difference of the 
fquares ofLH, LM> which was proved to be a con- 
ftant ratio ; therefore the fquare of LP is to the 
fquare of Lp, or to the redangle §>L q> Fig, 34. in 
a conftant ratio. 

Coji. 2. If the determining ratio be that of a to 
by and the fines of the angles contained between 
each of the lines Pp, ^q and the dire&rix be R and 
S, the radius being unity, the ratio of the redtangles 
PLp and QLqmti be that o(b % —i?R % tQb % —a % S\ 
For SP is to PE as a to b, and 
PE is to PH as if to 1 ; therefore 
SP is to, PH as dR to £, and the fquare of SP is to 
the fquare of PH as # a .R a to £*, and the fquare of 
PHis to the difference of the fquares of PH and 
SP as J* to b*—a z R*: therefore 

LPxLp : SDxSd :: ^ : £ 2 — **£% and 
5Z) x S</ : L^xLq :: b l —d t S % : b* , therefore 
PLxLp: L^x'Lq :: b*—a*S* : b*—a*R\ 
Cor. 3. If the focus, the dire&rix, and the de- 
1 termining ratio be given, and a right line be given 

in pofition ; the points in which it meets the conic 
fedtion, or oppbfite fedtions, may be found. If die 
right line paffes through the focus, the points of in- 
terfedlion may be found by Prop. 18. and if it 
be parallel to the diredtrix, by the fouith propofi- 
Fig. 33, tion. Therefore let the right line LH, which does 
34* not pafs through the focus, meet the diredtrix in H. 
3 5* Take any point L in that line , draw LS to the fo- 

cus a 
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cus, and LX perpendicular to the dire&rix. In 
LS, produced if neceffary, take LD to LX in the 
determining ratio ; and from the center L, at the 
diftance LD, defcribe a circle; and join HS. Then 
it is evident, from this and the preceding propofi- 
tion, that the line HS will cut the circle in two 
points T, t, or touch it, according as the line HL 
cuts the conic fe&iori, or touches it. Therefore 
join LT, Lt •, and draw SP, Sfi parallel to LT, Lt, 
meeting the line HL in P, p, which are points in 
the feftion, or fe&ions. For S P is to TL as PHh 
to LH, or as PE to LX\ and alternately, SP is to 
PE as TL to LX, that is, in the determining ratio; 
therefore P is in the curve ; and for the fame reafor* 
p is a point in the curve. 



PROP. XXXI. 

Jf t\Vo right lines %L, Pp, meeting each other Fiq. 36. 
in any point £> one oJF which is parallel to 
the axis, an4 the other is inclined to the. 
diredtrix at any given angle, cut a parabola 
in the points ^> P and p; the re6tangle 
under the fcgment !%L and the latus rectum 
will be to the re6langle under the fegments 
LP, Lp in a conftant ratio, wherever the 

point L be taken, 

> 

DRAW L X perpendicular to the dire&rix; and 
from the center L, at the diftance LX, de- 
fcribe a circle. Join §*S 9 XS, and let XS, produc- 
ed if neceffary, meet the circle in T, and join LT. 
Praw SO perpendicular to LX-, take 01 equal to 

F ^ QXx 
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OX, and join £/, which will be equal to $X+ 
Then, I/ST being equal to LX, and ^ equal to 
gX, LT is to LX as ^S is to <$X-, therefore IA ia 
parallel to !%§; and becaufe the angle %§X is equal 
to the angle SX^ which is equal to the angls 
SIX, the triangles QXS, $XI are fimilar, and IX is 
to XS, as XS to S^L, or JE^, or as ST* to $£ j 
therefore the re&angle under IX % §>L is eqtfal to 
the re&angle XST, or to the redangle DSd-, 
which, by the preceding propofition, is to the redU 
angle PLp in a conftant ratio; but JX being equal 
to twice OX the diftance of the focus from the di- 
re&rix, it is equal to the latus redfcum ; therefore 
the re£]:angle under £>L and the latus re&um is tp 
the rettangle JPLp in a conftant ratio. 

Cor, i . Hence the re&angle under <%L and any 
other conftant quantity is to the re&angle PLp in 
•a conftant ratio. 
Fig. 31. Cor. z. If the line LP becomes a tangent to 
the parabola j the fquare of LP will be to the reft- 
angle under the latus reftum and the fegment of 
the diameter intercepted between the point L an<J 
the vertex in the fame conftant ratio^ 

« 

LEMMA II. 

F?c« 37- If a ftraight line AB be divided in two points, 
C and JD in fuch a manner, that the reft- 
angle CAD fhall be equal to the re£tan- 
gle BBC, or the re&angle ACB equal to 
the re&angle BDA, the part AC will be 
equal to the part JBD. 



FIRST, 



FIRST, let the redbihide CAD be equal td the 
rectangle DBC. Bifeft CD in £; and the 
re&angle CAD, together with the fquare of EC is 
equal to the fquare oiJE, and the re&angle DBC, 
together with the fquare of ED, is .equal to the 
fquare of BE ; but the fquare of ED is equal to 
the fquare of EG} therefore the fquare of BE is 
equal to the fquare of AE, and BE is equal to AE; 
and therefore the part BD is equal to the part^C 
Secondly, let the re&angle ACB be equal to 
the re&angle BDA. Bife& the line AB in E; and 
the reftangle ACB, together with the fquare of 
EC, is equal to the fquare of AE ; and the reftan- • 
gle BDA, together with the fquare ED, is equal to 
the fquaie of BE ; but the fquare of BE is equal ta 
the fquare of AE; therefore the fquare of ED is 
equal to the fquare of EC, and ED is equal to EC; 
and therefore BD is equal tp AC. 

PROP. XXXII. 

All right lines drawn parallel to any diameter 
of the ellipfe or hyperbpla, which are ter- 
minated both ways by the ellipfe or op- 
pofite hyperbolas, are bife6ted by the con- 
jugate diameter. 

LET ACB be any diameter of the ellipfe or hy- Fie. 38* 
bola. Through the vertices A and B draw 39. 

the tangents AL, B M; and through the center C 
draw the diameter DCK parallel to AL, or BM, 
which will be the conjugate diameter. Through 
any point N, in the diameter DCK y draw LNM 
parcel to AB, meeting the ellipfe or the oppoflte 

hyper- 



( 46 ) 

hyperbolas in the points P, ^, and the tangents 
AL, BM in L and M. Then, AL being parallel 
to CN and BM, and LNM parallel to ACB, AL 
will be equal to BM, and LiV equal NM ; and, 
Cor. i. Prop. 30. the fquare of L^ is. to the re£t- 
angle PZi^as the fquare of MB is to the re&angle 
QMP-, but the fquare of LA is equal to the fquare 
of MB- 9 therefore the redangle PL§^ t is equal to 
the redtangle QMP ; and therefore, Lem. 2. PL is 
equal to §M; and if thefe be taken from the 
equal lines LN, MN, Fig. 38. and added to them, 
Fig. 39. PN will be equal to N^. 

Cor. 1. If the diameter DK bifeft all lines 
drawn parallel to AB, it will be the conjugate dia- 
meter to AB, 
Fig, 38, Cor. 2. If a right line RD T be drawn through 
P the vertex of the conjugate diameter parallel to 
AB, it will touch. the elliple in the point D. For 
if not, let it meet the curve in fome other point d, 
and Rd will be equal to TD ; but TD is equal to 
RD j therefore Rd is equal to RD, which is ab* 
furd. 

Cor. 3. Hence, if the diameter DK be conju* 
gate to any diameter AB, AB will alfo he conju- 
gate to DK. 

PROP. XXXIII. 

Every diameter of a conic fedtion bjfefts all 

its ordinates. 

FIRST, if the conic feftion be an ellipfe, it is 
evident from the precedii^g propofition : for the 
ordinates of any diameter are parallel to the conju* 
gate diameter. 

Secondly, 



j 
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Secondly, if the feftion be an hyperbola, of which Fig. 39. 
ACB is any diameter; in the tangent LAR take AR 
equal to AL. Through L and R draw the lines 
PL^ FRG parallel to AB, meeting the oppofite 
hyperbolas in P, ^ and F, G, and the tangent at 
the vertex B in M and T. Join PF, cutting the 
•diameter in V. Then PF will be an ordinate 
which is bife&ed in V: for PL is equal to M§, by 
the preceding propofition, and FR equal to 7G ; 
and the re&angle .FiJG is to the fquare of RA as the 
re&angle PLQis to the fquare of£y/,Cor. 1 . Prop. 30. 
but the fquare of RA is equal to the fquare of LA; 
therefore the re&angle FRG is equal to the rectan- 
gle PL§^, that is, the re&angle RFT is equal to the 
re&angle LPM ; therefore Lem. 2. RF is equal to 
PL, and PLiJF is a parallelogram ; and therefore 
PFis parallel to the tangent LAR, and PV is eaual 
to VF. H 

Laftly, let the fe&ion be a parabola, of which Fie 4 o 
. ^N is any diameter, and PN^ an ordinate. 
Through the vertex A draw the tangent LAM- 
and draw PL, $M parallel to NA. Then PLA/i 
is a parallelogram, -and ^JV/is equal to PL; but' ' 
the re&angle under LP and the latus rectum is to 
the fquare of LA as the re&angle under M9 and 
the latus re&um is to the fquare of MA, Cor. 2. 
Prop. 31. and the two re&angles being equal, the 
fquare of MA is equal to the fquare of LA, and 
MA is equal. to to LA; and therefore &N is equal 
to PN. H 

Cor. i. If a right lineP^ which is terminated Fig.« 
by a conic fe&ion in the points P, ^ and which 
does not pafs through the center of the ellipfe, be 
biiefted by any diameter, it is parallel to the tan- 
gent at the vertex of that diameter; for if it be not 
parallel to this tangent, let it be parallel to the tan. 



gent 
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?mt at the vertex ' of forae other diameter ; tkett 
^ would alio be bife&ed by this diameter, which 
is abfurd. 

Cor. 2. Two right lines terminated by a conic 
fedtion, which do not pafs through the center of 
the ellipfe, cannot bifedt each other : for if it be 
poffible, let the two lines DB, RK bifedt each other 
.in C, and let CA be the diameter which pafles 
through C; then both the lines will be parallel td 
the tangent at the vertex A\ and therefore they are 
parallel to each other, which is abfurd. 

Cor. 3. A right line bifedting two parallel right 
lines, which are terminated by a conic fedtion, is a 
diameter : for a diameter which bifedts one of them 
will bifedt the other. 

Cok. 4. Hence, if a fegment of a conic fedtion 
be given, the diameters and center of the fedtion 
may be found: for let two parallel right lilies be 
drawn which are terminated by the fegment, and 
the right line which bifedts them will be a diame- 
ter; in the fame manner any other diameter may 
be found ; and if it be parallel to the former, the 
fedtion will be a parabola ; but if the diameters cut 
each other, the point of interiedtion will be the cen- 
ter of the ellipfe or hyperbola. 

Cor. 5. If a right line CN 9 which bifedts the two 
parallels DB, P^ be produced till it meet the 
curve in A, and through the point A the right line 
I AG be drawn parallel toP^ it will touch the 
conic fedtioA in A. 

Cor. 6. Hence we have a method of drawing a 
tangent to a conic fedtion, which (hall be parallel to 
any line which cuts die fedtion in two points. 
Let P^ ; be any line cutting the fedtion in two 
points P 9 Slj draw any other line DB parallel to 
P&, btte&PS^ DB in N and C, join CN, and 

pro- 
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produce it till it meet the conic feftion in A, and 
through the point A draw I AG parallel to P^ 
which will be the tangent required. 

■ * 

PROP. XXXIV. 

If two tangents be drawn at the extremities 
of any right line which is terminated by a 
conic fe6tion, and which does not pafs 
through the center of the ellipfe, they will 
meet each other in the diameter which bi- 
fe&s that right line. 

LET P^be the right line which is terminated Fig. 4?* 
by a conic fe&ion in P and i^. Bifcdt P^in 
jV, and through N draw the diameter CNT. 
Through the point P draw the tangent PT meeting 
the diameter in T, and join TQj, which will touch 
the feftion in ^. Fpr draw any other line DCB 
parallel to PN^ meeting the lines TP, T^ in L 
and M. Becaufe the triangles TNP> TCL are fi- 
milar, as alfo the triangles TN^ TCM, TN is to 
NP as TC is to CL-, and alternately, TN is to TC 
as NP is to CL; but TN is to TC as JV^is to 
CM; therefore NP is to CL as iV^is to CM; and . 
alternately, NP is to iV^as CL is to CM ; there- 
fore CM is equal to CL, which is greater than CD, 
or CB ; and therefore the point M is without the co- 
nic fe&ion, and the line T^ meets the curve only 
in one point §£. 

. Cor. i. The tangent I AG at the vertex of the ' 
diameter CA 9 which is terminated by the two tan- 
gents TP, T§>* is bife&ed in A. 

Cor. 2. If two right lines which, touch a cpniq 

G fettioii 
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feftion meet each other ; a right line drawn from 
their point of concourfe bife&ing the line which 
joins the points of contact will be a diameter of the 
fe&ion. 



PROP. XXXV. 

If a rigfit line cutting the hyperbola, or the 
oppofite hyperbolas, meets the afymptotes 
in two points; the fegments between the 
hyperbola or hyperbolas and afymptotes 
will be equal. 

Fig. 42. ir ex the line P^cut the hyperbola, or the op- 
.1 .j pofile hyperbolas in the points P, ^, and meet 
tHe afymptotes in R, T; the fegments PR, §T will 
be equal. If PR be not equal to <%T, let one of 
them, as QT> be the greater; and cut off the part 
$0 equal to PR ; join CO, which being produced 
will meet the hyperbola in fome point q, Cor. 
Prop. 20. Through the pointy draw qpr parallel to 
<$P meeting the curve in p and the afymptote in r. 
Bifeft Pi^in N, and draw the diameter CNn, and 
P^pq will be ordinates of that diameter. Then, 
N^ being equal to NP, and QO equal to PR, 
NO will be equal to NR ; and ON is to qn as CN 
to Cn, as NR is to nr; therefore nq is equal to nr-> 
but nq is equal to tip; therefore np is equal to nr, 
which is abfurd; and therefore ^jT is not greater 
than PP. 

Cor. 1. If the line TNR be fuppofed to move 
from N to A, the points P, i^ t will coincide in A, 
and I A will be equal to AG ; therefore when a line 
touches an hyperbola, the fegmfcnts between the 
point, of contact and the afymptotes are equal. 

Cor, 
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Cor. 2. If a right line I AG, meeting the afymp* 
totes in /, G and the hyperbola in A, be bife&ed in 
the point A> it will touch the hyperbola; if not, let 
it meet the curve in fome other point a ; and I A will 
be equal to Gu % and GA equal to Ga, which is ab- 
furd. 

Cor. 3. Becaufe RP is equal to JS^jT, R§^ Is 
equal to TP ; therefore the four rectangles PR^ y 
RPT, ®TPy T$R are all equal. 

PROP. XXXVI. 

If two right lines be drawn from any point in 
an hyperbola to the afymptotes, and from 
any other point, in the fame or oppofite 
hyperbola, two other right lines be drawn 
to the afymptotes parallel to the two for- 
mer ; the re&angle under the firft two lines 
will be equal to the redtangle under the 
other two. 

FROM any point P in the hyperbola P^draw Fig. 43. 
the lines PL, PH to the afymptotes j and from 
any other point i^ t , in the fame or in the oppofite 
curve, draw $J£ 9 '®F parallel to PL, PH. The 
re&angle under QE, <$F will be equal to the reft- 
angle under PL, PH. Join P^ and let it meet 
the afymptotes in jR and T: and becaufe the trian- 
gles fQF, TPH are fimilar, as alfo the triangles 
RPL, R%£> $F is to PH as r^is to TP, or as RP 
is to R^ that is, as PL to QE-, therefore the rect- 
angle under §F,&E is equal to the re&angle under 
PH,PL. 

Cor. i. Hence, if from two points P,^, in the 

g 2 fame 
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fame or in the oppofite hyperbolas, two right lines 
PL, QE be drawn to the fame or to different 
afymptotes parallel to the other afymptote; the 
re&angle CLP will be equal to the re&angle CE^j 
for if the parallelograms CLPH, CE^F be com- 
pleted, the reftangles HPL, F§E, that is, the 
re&angles CLP, CE^ will be equal'. 

Cor. 2. Becaufe the reftangles are equal, CL is 
to CE as £^is to LP, but the parallelograms Cgj, . 
CP are equiangular, therefore they are equal. 

Cor. 3. Hence, if CP, C^ be joined, the trian- 
gles C$F, C$E, CPi/and CPL will be equal. 

PROP. XXXVII. 

All right lines drawn parallel to an afymp- 
tote, which are terminated by two conju- 
gate hyperbolas, are bife6ted by the other 
afymptote. 

Pl. vm. T7*ROM any point P in the hyperbola AP draw 
Fig. 64. jp p D para iiei t0 ^ afymptote i/C, and let it 

meet the conjugate hyperbola BD in D. PD is 
bife&ed by the other afymptote CV in /. Join 
CP, CD. Let J CM, BCb be the two axes; and 
join AB cutting the afymptote in T. Through A 
draw the tangent IAa meeting the afymptotes in / 
and a. Then A a being equal and parallel to BC, 
Prop. 21 i AB is equal and parallel to aC, and I A 
is to la as AT is to aC, pr AB, but /^ is half of 
la, therefore At is halfoF^5; and, Cor. 1. pre- 
ceding propofition, the re&angle CIP is equal to the 
reftangle CTA, or to the re&angle CTB, which is 
* equal to the re&angle CID ; therefore IP is equal 
to ID. * 

PROP. 
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PROP. XXXVIII. 

The tangent at the vertex of any diameter of 
an hyperbola, which is terminated by the 
afymptotes, is equal to the conjugate dia- 
meter. 

LET PCG be any diameter of the hyperbola; Pl. vm. 
*from P draw PD parallel to the afymptote Fio-fy. 
H C, meeting the conjugate hyperbola in D \ and 
join CD. Through P draw the tangent VPH 
meeting the afymptotes in V and H. VP is equal 
to PH, Cor. i. Prop. 35. and VP is to PH as PI 
is to HC ; therefore PI is half of HC, but it is alfo 
half of PD, by the preceding propofition, therefore 
PD is equal to HC, and DC is equal, and parallel 
to PH> and twice DC, or DK, is equal to Vti. 

Cor. 1. If DK be a conjugate diameter to PG, 
PG is alfo conjugate to DK. Join VD, and pro- 
- duce it till it meet the afymptote in h. Then DC 
being equal and parallel to PH, or VP, VD is 
equal and parallel to PC, which is equal to Dh, it 
being the oppofite fide of the parallelogram PDliC\ 
therefore VDH touches the conjugate hyperbola in 
p, Cor. 2. Prop. 35. and PCG is a conjugate dia- 
meter to DCK. 

Cor. 2. Hence, if two tangents PV, DV be 
drawn through the vertices of any two conjugate 
diameters, . they will meet in the afymptote ; and 
the afymptotes are diagonals of the parallelogram 
which is formed by the four tangents. 

Cor. 3. If the hyperbolas be equilateral, the 
conjugate diameters will be equal : for the angle 
HCfmYL be a right angle, Cor. 2. Prop. 22. it will 

there- 



( 54 ) 

therefore be in a femicircle, of which VH is the di- 
ameter and P the center ; therefore CP is equal to 
PH, which is equal to CD. 

PROP. XXXIX. 

If through any point in an afymptote a right 
line, be drawn cutting an hyperbola or Op- 
pofite hyperbolas; the redlangle under the' 
fegments, between the afymptote and the 
hyperbola or hyperbolas, will be equal to 
the fquare of the femidiameter which is pa- 
rallel to that right line. 

Fig. 44. HpHROUGH any point R in the afymptote 
A draw the right line RT, cutting the hyperbola 
or oppofite hyperbolas, in the points P 9 §>j, and the 
other afymptote in T. The re&angle PR^ will 
be equal to the fquare of the femidiameter which 
is parallel to RT. Let CD.be the femidiameter 
parallel to the line which cuts the hyperbola PAQj, 
and AC the femidiameter parallel to the line which 
cuts the oppofite hyperbolas. Take any point r in 
the afymptote, a,nd through r draw rt parallel to 
jRST, cutting the curve or the oppofite curves in/>, y, 
and the other afymptote in /. From the points P, 
p draw PH 9 PL and J>F 9 pE parallel to the afymp- 
totes; and becaufe the triangles PLR, pEr are fi- 
milar, as alfo the triangles P?H> ptF> 

PR is to PL as pr is to pE 9 and 
PT is to PH as pt is to pF; therefore, 
Lem. 1. the re&angle RPT is to the re&angle 
LPH&s the re&angle rpt is to the redtangle EpF\ 
but the re&angle LPH is equal to the redangle 



( 55 ) 

EpFj Prop- 36. therefore the re&angle RPT is 
equal to the re&angle rpt, or the re&angle PR^ 
equal to the re&angle prq, Cor. 3. Prop. 35. and if 
I AG be the tangent which is parallel to RT 9 when 
P is taken at A the reftangle P.R ^becomes equal 
to the fquare of IA 9 which is equal to the fquare of 
DC; and when P in the oppofite hyperbola is at Af, 
the re&angte RP^ becomes equal to the fquare 

1 of AC. 

Cor. 1. The four re&angles PRQj, RPT, $fP 9 
fQR being all equal, are each of them equal to 
the fquare of the femidiameter which is parallel to 
the line RT. 

Cor. 2. As the point P recedes from the Fig. 44; 
vertex A the line RP perpetually dereafes, 
and will become lefs than any affignaWe quan- 
tity : for the reftangle Pi? ^ is equal to a given 
fquare, and Pi^increafes without limit s therefore 
RP muft decreafe without limit. 

PR OP. XL. 

If two right lines meeting each other cut or 
touch a conic fe&ion, or oppofite fe£tk>n$ ) 
the rectangles undo' the fegments between 
the point of concourfe and the points of 
interferon, or the fquares of the tangents 
will be to each other as the fquares of 
the femidiameters to which the lines are 
parallel. 

IF the lines be parallel to any of the diameters of 
the ellipfe, or to any of the diameters of the op- 
pofite hyperbolas, the propofition is evident from 

Prop, 
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Prop. 30. becaufe the lines which meet each other 
make the fame angles with the direftrix as thofe 
which pafs through the center, and the latter are 
bifefted in the center. But if either of the lines 

Fic.46. PL^ LRT 9 or both the lines PL^ NLM 
be parallel to fome *>f the conjugate diameters 
of the hyperbola ; produce §LP till it meet the 
afymptote in G, and through G draw FGH pa- 
rallel to LRT 9 meeting the oppofite curves in F^ 
and H. Let CB 9 CD, and CA be the femidiame- 
ters which are parallel to §P 9 MN and RT. Then, 
Prop. 30. the reftangle PL ^is to the reftangle 
RLT as the reftangle PG<^ is to the reftangle 
FGHy or as the fquare of CB to the fquare of CA 9 
by the preceding propofition. In the fame man- 
ner it may be proved, that the reftangle RLT is to 
the reftangle NLM as the fquare of CA to the 
fquare of CD , therefore the reftangle PL ^ is to 
the reftangle NLM as the fquare of CB is to the 
fquare of CD. 

If the lines touch the conic feftion or oppofite 
feftions, the fquares of the tangents will be to each 
other as the reftangles under the fegments of any 
two lines drawn parallel to them, which meet each 
other, and cut the feftion or oppofite feftions ; and- 
therefbre they are as the fquares of the femidiame- 
ters to which they are parallel, 

Fig. 45, Cor. If two right lines Jj^, IN, meeting each 
4 6 * other in /, touch an ellipfe or hyperbola in Qj> f N 9 , 
and are parallel to two other lines V < T 9 VN which 
meet each other in V 9 and touch the ellipfe or op- 
pofite hyperbola or hyperbolas in T 9 N 9 7^ will be 
to IN as VT is to VN : for the fquares of I$j, IN 
are to each other as the femidiameters to which 
they are parallel, and the fquares of VT> ?& are iri 
tfce fame ratio t 

PROP, 
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Hop. xll 

If an (Ordinate be drawn to any diameter of 

an Ellipfe or an Hyperbola; the re&angle 

under thfe abfciffae will be to the fquare of 

. the femi-ordinate as the fquare of the dia- 

4fc meter is to the fquare of its conjugate- 

L 

LET J CM be any diameter of an ellipfe or hy-» Frc 47; 
perboia, to which PiVj^is an ordinate; and 4 8 ' 
let D CK £>e the conjugate diameter, which is pa- 
rallel to PN^. Then, by the preceding propoln 
tion, the rectangle AN Mis to the re&angle PN^ 
or the fquare of PN 9 as the fquare 0f CA to the 
fquare of CD> or as the fquare of AM to the fquare 
of D1C, 

Col. 1. Becaufe the parameter is a third pro- 
portional to the diameter and its conjugate, the 
fe&angle under the abfeiflfe is to the fquare of the 
femi-ordinate as the diameter is to the parameter. 

Cor, 2. The two conjugate diameters being 
conftant, the re&angle under the abfeiffe will vary 
as the fquare of the ordinate^ 

Cor. 3. Thofe ordinates which aire at equal dis- 
tances from the center are equal ; and thofe which 
are nearer to the center are greater in the ellipfe, 
and lefs in the hyperbola than thofe which are more 
remote. 

Cor. 4. If the hyperbola be equilateral, the 
reftangle under the abfcifTae will be equal to the 
fcjuare of the femi-ordinate. 
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Ji'lG. 49' 



PROP. XLIL 

If an ordinate be drawn to any diameter of 
the Parabola; the fquare of the Jfemi-ordi- 
nate will be equal to the re6tangle under 
the abfciffa and the parameter. 

LET AN be any diameter of the parabola, tow 
which PN§^ is an ordinate. Draw the para* 
meter TS F y cutting the diameter in F; join SA 9 
and let the diameter be produced till it meet the 
dire&rix in D. Becaufe TFis half of TF, Prop. 33. 
aud AF is half of DF, or half of TF, Prop. .26. 
AF is to TF as TF is to TF, and the redtangle un- 
der AF and TF is equal to the fquare of TF , but 
the redtangle under AF and TF is to the redtangle 
under AN and TF as the fquare of TF is to the 
fquare; of PN, Cor. 1 . Prop. 3 1 . therefore the red- 
angle under AN and TF is equal to the fquare of 

PN. ,'"■"". 

Cor. 1. Becaufe IF is equal to twice TF, or to 

four times SA, the redtangle under AN and four 

times SA is equal to the fquare PN. 

Cor. 2. If the tangent at the vertex of any 
diameter meets another diameter produced, the 
fquare of the tangent will be equal to the redtangle 
under that part of the diameter which is produced 
and the parameter which belongs to the firft dia- 
meter : for NI is a parallelogram, and A I, /i^are 
equal to §>N,AN; therefore the fquare oiAI'is 
equal to the redtangle under /^and TF* 

Cor. 3. The parameter being conftant, the 
fquare of the ordinate varies as the abfcifla. 
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PROP. XLIII. 

If All be taken in the tangent at the vertex Fio. 47, 
of any diameter of a conic fe&ion equal to ^ 
the parameter of that diameter, and a line 
be drawn from R to the other vertex in the 

} ellipfe and hyperbola, which line is parallel 
to the diameter in the parabola; and if the 
ordinate $NP meets the line RM in L; 
the re&angle under the abfciffa A N and 
the line NL will be equal to the fquare of 
the femi-ordinate PN. 

IF the conic feftion be a parabola, the proposi- 
tion is manifeft. If the fe&ion be an ellipfe oy 
an hyperbola, the re&angle AN Mis to the fquare 
of PN as AM is to AR y as NM to NL, or as the 
reftangle ANM to the re&angle AN, NL -, there- 
fore the fquare of PN is equal to the re&angle AN, 
NL. 

Cor. If the diameter of an ellipfe or an hyper- 
bola becomes infinite, and the abfcifla AN be fi- 
nite, RL will be parallel to AN; therefore NL will 
be equal to AR, and the ordinate PN^ will be 
equal to the ordinate of a parabola, of which AN 
is the diameter and AR the parameter of that dia- 
meter. Hence the ellipfe or hyperbola will have 
the fame properties as the parabola at all finite " dis- 
tances ftom the vertex. 
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PROP, XLIV. PROB f VI. 

Two right lines being given, one of which is 
bife&ed by the other; to defcribe a para- 
bola, of which the right line bife£ted fhall 
be an ordinate, £jyl the other line the dia* 
meter, • 

Fig. 49. y et AN, P^bt the two given lines one of 
.1, a which is bifefted in N. Through A draw 
I A R parallel to §>NP, and take AR % third pro- 
portional to AN and PN-, produce NA to D ? fo 
that AD may be a fourth part pf AR. Through 
the point D draw JD X perpendicular to DiV*. Let 
the angle DAI be lefs than the angle DAR; 
make the angle IAS equal to the angle IAD, and 
take AS equal to AD. Then if a parabola he de? 
fcribed, of which S is the focus, and PX the direc- 
trix ; AN will be a diameter of that parabola, and 
P iVj^an ordinate : for SA being equal to AD, A is a 
point in the parabola, Cor. Prop. 17, and becaufe 
the angle SA I is equal to the angle IAD, AI is a 
tangent to the parabola in the point A, Cor. 1. 
""Frop, 25. dierefore §>NP is parallel to the ordinate* 
of the diameter which pafles through. A, and PN 
being a mean proportional between AN and four 
times AS, it muft be equal to the femi-ordinate, 
Cor. 1. Prop. 42. 

Cor. 1. Hence, if the parameter of any diamer 
ter be given, and the angle which that diameter 
makes with its ordinates, the parabola may be de^ 
fcribed : for any abfcifla being taken in the diame- 
ter the femi-ordinate may be found, by taking a 

jnean 



J 



( 6i ) 

mean proportional between the abfcifla and the 
given parameter. 

Cor. 2. If in any figure P-^^all the right lines 
P§L*i TP & c - which are inclined to the indefinite 
right line AN q,t a given angle, are bifefted by the • 
line AN, and the fquares of PN, TF, &c. are 
as the fegments AN, AF, &c. the curve PA^ 
which paffes through the extremities of thefe lines 
^s a parabola, of which the indefinite right line AN 
is a diameter, and the lines Pj^ t , TV 9 &c. are ordi 
nates : for defcribe the parabola having one of thefe 
lines P^for an ordinate, and AN an abfcifla. 
Then, becaufe the fquare of PN is to the fquare of 
STF as AN is to AF, TFV is alfo an ordinate of 
that parabola. In like manner it may be proved, 
that all the lines P^ fV, &c. are terminated by 
the parabola. 

Cor. 3, From this propofition we have a me- 
thod of finding two mean proportionals between 
two given right lines. Let P, ^be the two given Fie 50, 
lines. Defcribe two parabolas BAC y DAC, the 
axes of which AE, AF are perpendicular to each 
other, and of which P, <^ p are the parameters. 
From the point C, in which the two curVes interfedl 
each other, draw CE, CF perpendicular to the 
axes, and they will be the proportionals required : 
for P is to CE, or AF, as AF is to AE, or CF, 
2nd AF is to CF as CF is to ^. 
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PROP. XLV, 

If a right line be drawn from the focus of a 
parabola perpendicular to any tangent 5 it 
will be a mean proportional between the 
diftance of the point of contaft from the 
focus, and the diftance of the fopus from 
the vertex. 

Fig. 51. T ET PT touch the parabola in any point P, 
JLrii and let it meet the axis in T. Draw PE per- 
pendicular to the djre&rix; join SE cutting the 
tangent in the point T, and join AT. Then ST 
will be perpendicular to PT: for, SP being equal 
to PE, and the angle SPT equal to the angle 
EPT, the triangles SPT, EPT are equal; therefore 
ST is equal to ET y and the angle STP is equal to 
the angle PTE ; therefore they are each of them a 
right angle. And SA being equal to AD, AT is 
parallel to DE, and SAT is a right angle; therefore 
the triangles SAT, STTare fimilar, and ST, ojr SP± 
i$ to ST as STis to SA. 

Cor. i. Becaufe the redtangle under SP, SA is 
equal to the fquare of ST, and SA is conftant in 
the fame parabola, the fquares of the perpendicu- 
lars from the focus upon the tangents will be as 
the diftances of the points of contact from die fo- 
cus. 

Cor. 2. If PR be drawn from the point of con-: 
taft perpendicular to the tangent, - meeting the axis 
in R; SR will be equal to ST, or SP : for RP is pa- 
rallel to SE, and RPES is a parallelogram; there- 
fore SR is equal to PE, or SP. 

COR^ 
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Cor. 3. The normal PR is equal to twice the 
perpendicular ST. 

Cor. 4. The fubnormal RN is equal to half the 
latus reftum: for SR is equal to PE 9 or ND; and 
if from each be taken the common part SN 9 NR 
will be equal to SD 9 or to half the latus redtum. 



PROP. XLVL 

If a tangent to any point in the parabola 
meets a diameter, and an ordinate be drawn 
to that diameter from the point of contaft; 
the fegment of the diameter between the 
vertex and the tangent will be equal to the 
abfcifla. 

LET TP 9 which touches the parabola in any Fig. 5*. 
point P, meet the diameter NA in T- 9 and 
draw the ordinate PN. NA will be equal to AT. 

Through the vertex A draw the tangent AI 
meeting PT in /; join AP, and draw the dkmeter 
IG 9 cutting the line AP in F> and the ordinate PN 
in G. Becaufe IG is a diameter which pafles 
through the point of concourfe of the two tangents 
PI, A I, it will bifeft AP in F 9 Cor. 2. Prop. 34* 
and the triangles FIA, FGP being equiangular, 
A I will be equal to PG ; but A I is equal to NG ; 
therefore PG, GN are equal; and A I is half of NP; 
but TA is to TN as A I is to NP; therefore TA is 
half of TN 9 or TA is equal to AN. 

Cor. Hence we have another method of draw- 
ing a tangent to the parabola from a given point 
without. Let T be the given point; draw TAN 
parallel to the axis, cutting the parabola in A: 

through 
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through A draw the tangent Ali take* AN equal 
to AT ; and through N draw NP parallel to A I, 
meeting the curve in P; an<J join STP, which will 
be the tangent required. 

PROP. XLVII. 

If two right lines be drawn front the fod of 
an ellipfe of an hyperbola perpendicular to 
any tangent ; they will meet the tangent in 
the circumference of a circle, which has 
the tranfverfe axis for a diameter. 

Ff c S3* T ET P Y touch the ellipfe or hyperbola in any 
5*' J^j point P. Join SP, PH; and draw SY, HZ 
perpendicular to the tangent: produce ST tilt it 
meet HP in the point W; and join CY. Becaufe 
the angles SPY, YPJVzxt equal, Prop. 27. and PT 
is common to the two triangles SPY, YPIV, PtV is 
equal to PS, and ST* equal to YW; therefore HlV 
is equal to the tranfverfe axis, Prop. 14. and be- 
caufe 9C is equal to CH, and ST equal to YIV, CY 
is parallel to HW; and SC is to Cras SH is to 
HW\ but SC is half of SH; therefore CY is half 0/ 
HIV, or AM. And if from the center C, at the 
diftance CA, a circle be defcribed, it will pafs 
through the point Y. In the fame manner it may 
be proved that it will pafs through Z. 

Cor. If the diameter DCK be parallel to the 
tangent at P; it will cut off from SP, PH the feg^ 
ments PE, PI, each of them equal to half the tranf- 
verfe axis: for CEPZindCYPI axe parallelograms* 
therefore PE, PI arc equal to CZ, CY, each of 
which i» equal to CA. 

PROP, 
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PROP.. XLVIII. 

» * 

The re&angle under the perpendiculars, which 
are dra\\?n from the fpci of an ellipfe or an 
hyperbola to. any tangent, is equal to the 

, fquare of half the conjugate axis. 

THE ,fame conftru&ion remaining as in the Fig. 53, 
laft propofition, produce ZC till it meerTS 54- 

produced in G; K and let CB be the conjugate (emi- 
axis. Becaufe GS is parallel to HZ, the triangles * 
CSG, CHZ are equiangular -> and CS being equal to 
CH? SG is, equal to HZ, and CG is equal to ^Z, or , 
CA; therefore the point G is in the circumference of . . 
the circle; and the 're&angle GST is equal to The 
reftangle ASM, that is, the re&angle under IJZ>ST 
is equal to the fquare of BC. 

Cor. 1. The fquare of ST is to the re<3:ang;le 
ST, HZ, or the fquare of BC, as ST is to HZ, or, 
becaufe the triangles SPY, HPZ are fimilar, as 
SP to HP; therefore the fquare of ST is equal to . 
SP 

*HP 

. . » ..... 

Cor. 2. Heytice, the fquare of BC being con* 
ftant, the fquare of the perpendicular ST will vary 
a,s SP direftly, and as HP inverfely. 
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PROP. XLIX. 

If a tangent to any point in an dlipfe or an 
hyperbola meets a diameter, and from the 
point of contact an ordinate \& drawn to 
that diameter; the femidiameter wil^ be a 
. mean proportipnal between the fegments of 
the diameter, which are intercepted between 
the center and the ordinate, and between 
the center and the tangent. 

• 

Fiq* $t, T ET the right line PT touch the ctUlpfe or hy- 

S* JLj pefbola in tpy point P, and kt it meet the 
diameter MA in T m 3 and from, the point P draw 
PiV^an .ordinate to the diameter mA. CN is to 
CA as CA is to CT+ Through the vertices A, M 
draw the tangents AU ML, meeting the tangent 
PT in / and L; and take CO on the oppofite fide 
.of the center equal to CN. Then, Cor. rrop. 40. 
IP is to I A as LP is to LM; and alternately, IP 

' is to LP as I A is to LM\ and becaufe the lines AI % 
NP, ML are parallel, AN is to #M as TA is to 
yM; and by divifioii, Fig» 55* aftd by compofition, 
Fig* 56V ON is to j* Af as AM is to 7!^ ; and by 
taking the halves of the antecedents, CN is to AN 
as CA is to TA} and by compofition, Fig. 55. and 
by divifion, pig. 56. C./4 is ^o CN as CT is to CA\ 
and by inverfion, Gtf is .to CA as C^? is to CT. 

Cor. 1. The fegmentof the diameter intercepted 
between the ordinate and the center, the two ab- 
fciffae, and the fegment between the ordinate and 
the tangent are proportionals. CN is to AN as 
flMk to TN; for CN is to CM as CAf is to Cf; 

an4 
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a«tf by c6mpofition, CN is to #jkf as CM is to 
jfAT; and alternately, CJV is to CM as NM is to 
?! My and by divifion, CN \$ to AN as iVMis to 

*N. 

Co*. ?. The Tegmenta TA TN 9 ^C and W 
are proportionals: for STC is to AC. as ^C is to JVC 5 
and by divifion, TA is to 5TC as AN is to ^C* and 
alternately, TA i$ to ufJV as TC is to **C* and by 
composition, TN is to TA as 5TAf is to fC; and by 
inverfioa, TA is to TN as STC is to TM. 

Cor. 3:. From this propofition wc have anothef 
method of drawing a tangent to an eHipfe or an 
hyperbola from a given point without. -Let 7* be 
the given point , draw the diameter CT cutting the 
curve in A* Through the point A draw the tan* 
gent A I; take CN a third proportional to CT, CA-, 
and dr$w NP parallel to AI % meeting the curve 
in P i and join TP, which will touch the curve in 
the point P. 

PROP, L, 

If a tangent to aiiy point in the hyperbola 
meets a conjugate diameter, and an ordi- . 
nate be drawn from the point of contact 
to that diameter ; the conjugate femidia* 
meter will be a mean proportional between 
the fegments, which are intercepted be. 
tween the ordinate and the center, and be- 
tween the center and the tangent* 

LET the tangent PT, which meets the diame- Fig.- 56. 
1 ter AM in T> be produced till it meet the 
conjugate diameter Bb in /. Draw the ordinate 

1 2 Pn 



Pn ^parallel to AM. ' Becaufe CATis to' CA as CA , 
is to CT, by the* preceding propofition, the fquare 
of CN is to the fcjtiare of CA as CN b : to CT-, and 
by divifion, the difference of die fquares of CN and 
CA is to the fquare oTCA as TN is to CT, or, be- 
caufe P^T, C* are parallel, as PN is to Ct, or as C« 
to C/ ; but the fquare of Cn is to the fquare of GB 
as the re&angle; ANM is to the** fquate of CA, 
Prop* 41. or as the difference of the fquares of CN 
and CA is to the fquare o£CA; therefore the fquare 
tif Cn is to the fquare of CB as Cn is to Ct; and 
therefore; the three: lines Cn, CB and Ct are propor- 
tionals, that is, Cn to CB as- CB t& Gt. : 



* » . 1 • . . > 1 » , 
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Ftc. s;, jf tvvo tangents ^ J, AM, be drawn through 
the vertices of any diameter of andlipfe or 
hyperbola, meeting any other tangent PT 
in I and Ly the/ re&angle under the tan- 
gents A I, ML will be equal to the fquare 
- of -the femidiameter CB to which they are 
pdraltel; and the.re&angle under IP, PL, 
the fegrfients of the tangent which they meet, 
will be ! equal to the fquare of the femidia- 
n : - meter CD parallel to this tangent. 

I * 

IF >the tangent- TP be parallel to AM in the el- 
lipfe, the propofition- 1 is mariifeft; for each of the 
tangents A I, ML will be equal to the femidiameter 
CR. But if TP Be hot parallel to the diameter 
<AMa let- k meet it in: the point T, and the diame- 
ter J?£ in./, .From the point P draw the femi-or- 

dinates 
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dinatei P2V, P'nia the 'diameters AM, Bb. Then, 
Cor., z, '^rpp, 4p> , 3Q4 is to fN as re is to^itfj 
an4 bejcaufe.t^e lines 4I*NP> Gt and JVfL are pa- 
Talkl^f^* tp^NPy ofMh^ks Ct is to A/Z, ; there- 
fors "tihe ^reftangle under jfli r iAL is equal to' the 
re&an&e . undfeiuC^ C/Vor to the fquare of CB 9 
Prop. 49, and 50. becondly, 

ytf/ is to /P as CB is^to CZ>, Cor. Prop. 40. 
and ML is to PL as C5 i^ici £Z>; 'therefore 
the redtangle Af, ML is tp thp re&angle LP, PL as 
tEe^uateoF £B is ^Hh^uare of £Z); but the 
redjangle A I, ML is equal' €0 the fquare of CB; 
tkqrefo^thei re&angle LP\ PL is equal to the fquare 

. ; -5I - >; :r. : J»>R: &. R J: LII. 

If a itangen^ctoi ^oy point in an ellipfe or. aii 
hyjratoto'itteefe two^coftjugate diameters; 

;i tte^(S(fegIc Tin^efv^e fegments of the 
tangejiC J^twef n h i$p jRoifit of coiitadt and, 
the (^meters, is .^<ju^to the fquare of the 
fcmidiaEnfter which . ii ^Jrallel td . the - tan- 
gent. >' ' '*' ::,a '": • • * " : *"" : 

LET the tangent' PT. meet the twb conjugate Fio- j;, 
diameters ^A3T, Bb in T and /. Ffoih the 56. 

point P draw the ordinate PiV^ to the diameter 
AM'SxrA through the points A^M draw the tan- 
gents AI 9 ML, meeting the tangent P7*in /and L; 
and draw the diameter DCK parallel to PT. Be- 
caufe CN is 1 to AN as NM is to TiV, Cor. 1. 
Prop. 49. Pt is to Pi as PZ is to PT; therefore 
the re&angle TPt is equal to the re&angle IPL, 

which 
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which is equal to the fquare of CD^ by the preced- 
ing propofition. 

Con. Hence, if a right line fP which touches 
an ellipfe or hyperbola meets two diameters JM, 
Bb in 2" and /, and the re&angle ,TPt is equal to 
the fquare of the femidiameter which is parallel to 
the tangent, AM 9 Bb ale conjugate diatfieters. 

PROP. LIU. PROB. VII. 

Two right lines bife&ing each other being 
given; to defcribe an ellipfe. or an hyper- 
bola, of which the two given lines lhall be 
conjugate diameters. 
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F the two given lines be at right angles to each 
other, they will be the axes; and the ellipfe or 
Jiyperbola may be defcribed by Prop. 1 5 . But if 
F *P- si* the lines PG 9 DK 9 bife&wgeach othtf in any point 
* 8# C, be not at right angles to each. other; through 
the point P draw P? parallel to DX Take 
P^in the line CP 9 towards the center in the hy- 
perbola, and the contrary way in the ellipfe, a third 
proportional to C? 9 CD. Bifcft C^in the point 
V\ and draw VR perpendicular to C<^ 9 meeting 
the line PT in R. From the center jR, at the dis- 
tance R^ 9 or RCy defcribe a circle cutting the 
line P T in T and /. Draw the lines CT 9 Cf 9 to 
which draw PN 9 Pn perpendicular. In CT take 
CA a mf an proportional between CN and CT\ and 
in Ct take CB a mean proportional between Cn 
and £/. Make CM equal to CA 9 and Cb equal to 
CB. Then b^caufe the angle JCt is in a femicir- 
cle, it is a right angle; and the lines JM, Bb bifed 
each other; therefore defcribe an ellipfe or an hy- 
perbola, 
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perbola, of which AM, Bb are the axes; and PG, 
DiT will be conjugate diameters of that ellipfe of 
hyperbola : for PN is to CB as CB is to Ct, there- 
fore the fcjuare of PN is to the fquate of CB as "PN 
is to Ct, that is, by fimiiar triangles, as NT to CT; 
but CN being to CA nfiA to CT, CAT is to CT as 
the fquare otCN is to the fquare of CA ; and by 
divifion, JVTis to Cfas the difference of the fquares 
of CA and CN is to the fquare of.CA, or as the 
re&angle ANM to the fquare of CA; therefore the 
fquare of PN i* to the iquare of CB as the reftan- 
gle AtfMis to the fquare of CA; and confequendy 
$>N ihuft be a fenu-ordinate, ami the point P is in 
the curve, to which TP is a tangent, Prop. 49. 
and becaufe KD is parallel to TP, and the reft- 
angle TPt is equal to the re&angle CP^ y or to 
the fquare of CD, KD k a conjugate diameter to 
PG, by the preceding propofition. 

Cor. 1. Hence, if any two conjugate diameters 
of an ellipfe or an hyperbola be given, the axes may 
be found. 

Cor. 2. ^ If the right line PN^ drawn through Fig. 55; 
any point in the line AM between the points A $*>* 
and M, or in MA produced, making any given 
angle with^Af, is bife&ed by it in N, and the 
fquare of PN or QN is to the re&angle ANM in 
any given ratio; the points P 5 i^will be in an el- - 
lipfe in the firft cafe, and in an hyperbola in the 
fecond, of which AM is a diameter, and Pj^ t an 
ordinate : for bifeft AM in C; through C draw BCb 
parallel to P§^ y and take CB, Cb fuch, that the 
fquare of CB, or Cb, may be to the fquare of CA in 
the given ratio ; and defcribe an ellipfe or an hy- 
perbola, of which AM. Bb maybe conjugate dia- 
meters. Then becaufe P^is parallel to Bb, and 
the fcjuaift of iW.is to the re&angle ANM as the 

fquare 
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fquare of CB to the Cjuare. of CJ 9 PN$js an oifdi- 
nate to the diameter AM; and therefore {he points 
P, i^are. in the eUipfe or hyperbola, of which AM* 
, Bb are conjugate diameters. . .. \ 

PROP. LIV. 

Fig. $$, if a right line PT touches an ellipfe or an 
5 * hyperbola in any point P, \ and PR be 
drawn through the point of coi*ta6t per- 
pendicular to the tangent, meeting the two 
axes in R and r; the rectangle under the 
normals PR, Pr wilt be equal to the fquare 
of the femidiameter CD, .which is parallel 
to the tangent. 

LET the tangent meet the two axes in T and t. 
Then the triangles TPR, TCl are fimilar ; for 
they have each of them a right angle, and they 
have a common angle at T, Fig. 55. and the angles 
at !fare vertical, Fig. 56. and the right angled tri- 
angles TCt,rPt 9 which have a common angle at /, are 
alfo fimilar; and RP is to TP as Pt is to rP; there- 
fore the reftangle under RP> rP is equal to the sept- 
angle TPty which is equal to the fquare of CD, 
Prop. 52. 
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PROP. LV. 

» • > 

If a right linfe be drawn from the centef of an 
tellipfe or hyperbola perpendicular to any 
tangent; the re£tangle under the perpendi- 
cular and the normal, which is terminated 
by either of the axes, is equal to the fquare 
of half the othfer axis. 

« 

DRAW CT perpendicular to the tangent; and Fief. yc. 
the re£angle under CT and Pr will be equal S 6 * 

to the fquare 01CA; and the redtangle under CT 
ind PR equal to the fquare of CB. 

Frota the point P draw PN, PH perpendicular 
to the axes ; and becaufe the angle at r is common 
to the two right angled triangles rhP, rPt 9 the tri- * 
angle rnP is fimilar to the triangle rPt 9 which is fi- 
milar to TCt, or to TTC; therefore CT is to CT as 
Pri, or CN 9 is to Pr; and the reftangle uncjer GTf 
Pr is equal to the re&arigle under. CN and CT, 
wfeich is equal to the fquare of CA, Prop. 49'. Se* 
coridly, becaufe tlie angle PRN is equal to the an- 
gle rPn, which is equal to the ingle r/P, the right 
angled triangles RPN, CtT are fimilar; and CT is 
to Ct as PN] or Cn, is to PR; therefore the reft- 
angle tinder CT 9 PR is eqtial to the reftangle under 
Ct and Ctty which is equal to the fquare of C J?. 
Prop. 49, and 50. • 

Cor. 1. The nortnals are to each other inverfely 
is the fqiiares of the axes by which they are termi- 
nated: for, the perpendicular CT* being common to 
the two rectangles, Pr is to f R as the fquare of CA 
fo the fquare of CB. 

K ' Cor. 
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Cor. 2. The perpendicular CT varies invcrfely 
as the normal, which is terminated by either of the 
axesi the re&angle under CT, PR and CT 9 Pr be- 
ing each of them equal to a given fquare. 



PROP. LVL 

If a right line be drawn from the center of 
an ellipfe or an hyperbola perpendicular to 
any tangent; the re6fcangle under the per- 
pendicular and the femidiameter which is 
parallel to the tangent is equal to the rect- 
angle under the femi-axes. 

Fig. 5^, HTHE lame conftru&ion remaining as in the 
* " JL preceding propofitions, the fquare of CT is to 
the re&angle Under CT, PR as CT is to PR> and 
the rectangle under CT, Pr is to the re&^ng]e un- 
der PR, Pr, as CT to PR ; therefore die fquare of CT 
is to the re&angle under CT, PR, or the fquare of 
CB, as the re&angle under CT, Pr is to the re&angle 
under PR> Pr or as the fquare of CA to the fquare 
of CD-, therefore CT is to CB as CA to CD; and 
the re&angle under CT, CD is. equal to the re&an- 
gle under CA, CB. 
Fig. 59, Cor. i. If a parallelogram be formed by drawing 
6°- tangents through the vertices of any two conjugate 
diameters ; it will be equal to the re&angle under 
*he axes. Let PG, DK be any two conjugate dia- 
meters ; and draw the tangents through the vertices, 
which will be parallel .to the conjugate diameters; 
then the four parallelograms DP, PK, KG, GD 
wall be equal to each other; therefore the ^parallelo- 
gram DP is a fourth part of the parallogferp VW\ 

and 
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and the parallelogram DP is equal to the reftangle 
under PF, CT, or CD, CT, which is equal to the 
reftangle under AC, CB, a fourth part of the reft-, 
angle under the axes. 

Cor. 2. Hence the parallelograms, which are 
formed by drawing tangents through the vertices 
of conjugate diameters, are equal. 

Cor. 3. tf DP, PK, KG, GD be joined, the fi- 
gure DPKG will be a parallelogram, wliich is half 
of the parallelogram VW; therefore all the paralle- 
lograms, which are formed by joining the vertices of 
conjugate (iiameters, a,re ecjual. 



PROP, IN\\* 

If two right lines be drawn from any point 
in an ellipfe or an hyperbola to the foci; 
they will contain a re&angle equal to the 
fquare of the femidiameter parallel to jhe 
tangent drawn through that point, 

FROM any point P in the ellrpfe or hyperbola Fig. 53, 
draw PS, PH to the foci, and let DK be the 54' 

diameter which is parallel to the the tangent PT 
The reftangle under SP, PH will be equal to the 
fquare of CD. Draw the lines ST, HZ from the 
two foci perpendicular to the tangent; and draw PF 
perpendicular to the tangent, meeting the diameter 
DK in F; and PF will be equal to the line which 
is drawa from the center perpendicular to the tan- 
gent. Then, becaufe the reftangle under AC, CB, 
or PE, CB, is . equal to the reftangle under CD, 
PF> by the preceding propofition, PE is to PF as 

k z 'CD 
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CD is to CB, and fcecaufe the triangle? Si»r, PJ&F, 
HPZ are fimilar, 

SP is to ST as P£ to PF, or as CD to CB, and 
Pi/ is to HZ as P£ to PP, or as CD to OB ; therefore 
the reftangle SP, PH is to the re&angle ST, HZ % 
or the fquare of CB, as the fquare of CD is to the 
fquare of CB; therefore the re&angle under 6'P, 
PH is equal to the fquare of C7?, 



PROP. lviii. 

Fig. ji, If ^ right line RL be drawn from the point R % 
Hi where the normal meets the axis of the para? 
* bola or the tranfverfe axis of the ellipfe and 
hyperbola, perpendicular to the diftance SP 
from the focus to the point of cOnta&: it 
will cut off from SP the fegment PL equa} 
to half the latus re&uqi. 

Fig. 51. THIRST, if the fettion be a parabola, draw PAT 
Jt? : perpendicular to the axis ; and becaufe SR is 
; equal to SP> Cor. 2. Prop. 45. the angle SPR is 
equal to the angle SRP ;' and becaufe the angles 
PLR, PNR are right angles, and PR is common 
to the two triangles PLR 9 PNR, the triangles are 
equal, and PL is equal to RN, or to half the latus 
re&um, , Cor. 4. Prop. 45. 

F? G - 53* Secondly, if the feftion be an ellipfe or an hyper- 
54 ; bola, let PR meet the diameter which is parallel to 
the tangent in the point F. Then the triangles PRL, 
PEF will be fimilar; for the angles at L and F am 
right angles, the angle at P, Fig. 53. is common, 
and the angles at P, Fig* 54. are vertical; there- 
fore PE 9 or JC, is to PF as PR is to P£ 5 and the 
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feftangle under AC, PL is equal to the re&anglq 
under PF, PR, or to the fquare of BC, Prop. 55, 
and AG is to BC as ^C is to PL-, therefpre PL i% 
equal to half the latus je&um, Prop. 7. 

Cor. Hence, if PL be taken in any of the conic 
fe&ions equal to half the latus reftum, and two 
righf lines be drawn from- the points P and L, one 
of which is perpendicular to the tangent at the 
point P, and the other perpendicular £0 PS, they 
will meet each opher in the axis. 

PROP. LIX. PROB. VIII. 

f he diftance of any point in a conic fedtion 
from the focus, the latus redtum, and the 
pofitjon of the tangent at that point being 
given -, to defpribe the conic fe&ion. . 

IF the given, diftance be perpendicular to the 
tangent, it will be in the dire&ion of the axis, 
and the conic feftion may be defcribed by Cor. 1. 
Prop. 4. But if the diftance be not perpendicular 
to the tangent, let SP be the given diftance, and P^T Fig. 51, 
the tangent at the point P. Take PL equal to S3* 

half the lattls re&um; frojn the points P and L $*' 

draw the lines PR, LR perpendicular to PS and 
PT; and the point R where they meet each other 
is in the axis, by the Cor. to the laft propofition. 
Join SR, which produce indefinitely. Make the 
angle ZPH equal to the angle SPT-, and SR will 
meet PH in the dire&ion SR, in the oppofite direc- 
tion, or it will be parallel to it : in the firft cafe the 
conic fedtion will be an ellipfe, in the fecond an 
hyperbola, and in the third a parabola. If the fee- Pig. 53, 
tion be an ellipfe or an hyperbola, bifeft SH in the 54- 

' ' ; , . point 
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point S , and draw CE parallel to the tangent, meet- 
ing the line PS in 22, and PJE will be equal to half 
the tranfverfe axis; therefore take CA y CM each of 
them equal to PE; and ^Mwill be the tranfverfe 
Fie. 51. axis. If the feftion be a parabola, take SA equal 
to a fourth part of the latus re&um, and the point 
A will be the vertex of the axis. The pofition of 
the axis, and the diftance of the focus from the 
vertex being found, the conic fe&ion may be de- 
fcribed by Cor. 1 . Prop. 4. or, the tranfverfe axis 
and the two foci bfeing found in the ellipfe and hy- 
perbola, the conic f$<£tion may be 4 e fcril}ed by 
Prop. 15, and 16. 

PROP, LX, 

If two ellipfes or hyperbolas have a common 
diameter, and an ordinate be drawn to each 
of the curves through the fame point ip 
the common diameter; the ordinates will 
be to each other as the conjugate diame- 
ters. 

Fxc - *'• T ET AP y A<%be two ellipfes, or two hyperbolas, 
*' JL-i having a common diameter AM. Through 
any point N in that diameter draw NP 9 N^ ordi- 
nates to the two curves; and let CB> CD be the fe- 
rn idiameters which are parallel to NP, NQ Then 
NP will be to JV^as CB is to CD : for the fquare 
of NP is to the fquare of CB as the reftangle ANM 
is to the fquare of CA, or as the fquare of JVj^is 
to the fquare of CD; therefore NP is to CB a3 
. N^js to CD , and alternately, NP is to JV^as CB 
is to CD, or as 2CB to 2CD. 

Cor. 
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Cor- If a circle be defcribed about any dianie* Fig. 63, 
ter of ah ellipfe, or an hyperbola, and through any 6a# 

point N in that diameter NRbt drawn an ordinate 
to the circle in the firft cafe, and a tangent to it in 
the fecond; the fquare of NR will be* equal to thfe 
re&angle ANM; and if NP be an ordinate to the 
ellipfe or hyperbola drawn through the fame point, 
the fquare of NR will be to the fquare of NP as 
the fquare of AC is to the fquare of BC> and-iV/2 
will be to NP.as AC is to BC. 



PROP. LXL 

If two ellipfes or hyperbolas have a common 
diameter, and an ordinate be drawn to each, 
of the curves through the fame point in 
that diameter; the tangents at the extremi- 
ties of thefe ordinates will meet each other 
in the diameter. 

LET AP, A^bc two ellipfes, or two hyperbolas, Fig, 6u 
having a common diameter AM. Through **• 

any point N draw the femi-ordinates NP, N^; 
and let CB> CD be the femidiameters parallel to 
thcfeiordinates. Through the point P draw the tan- 
gent PT, meeting the diameter in T, and join T^ y 
which will be a tangent to the other curve in the 
point §j becsAife the tangent PT meets the diame- 
ter in T, CN is to CA as CA is to CT 9 Prop. 49. 
and therefore T^ touches the other Curve, by the 
fame propofition. 

Cor. 1. If a circle and an ellipfe have acom-Fic.^3. 
mon diameter, and a common abfcifla; the tangents 
at the extremities of the ordinates will meet each 

other 
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other in the diameter: for a circle may be Cdnfider- 
ed as an ellipfe whole axes are equal. Or it may 
be deduced from a property of the circle. Let NR 
be an ordinate of the circle, and NP an ordinate of 
the ellipfe drawn through the fame point. Draw 
JJ^Ta tangent to the circle, meeting the diameter ia 
7*, and join TP and CR. ■ Then becaufe the triam 
gles CRT, CNR are fimilar, CN is to CR as CR is 
to CT> or CN is to CA as CA is to CT\ therefore 
TP touches the ellipfe in the point P. 

Cor. 2. If the line PN^ drawn through ariy point 
N in the diameter of a circle, making any given an- 
gle with-^Af, be bifefted in N 9 ixnd.PN be to RN, 
the ordinate of the circle drawn through the fame 
poirit, in any given ratio ; the points P, ^ t will be in 
an ellipfe, of which AM is a diameter and Pi^ari 
ordinate: for draw BCb through the center parallel 
ia'P'Qj take CB and Ch to CA in the given ratio; 
and defcribe an ellipfe, of which AM* Bb are 
conjugate diameters. Then becaufe NP 9 or N^ is 
to NR as CB to CA> and P^is parallel to Bb, 
PN^ is an ordinate of that ellipfe, and the points 
i\ J^are in the curve. 



PROP. 
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PROP. LXII. 

Let ABM be an ellipfe, of which AM is the fio, 65. 
tranfverfe, and Bb the conjugate axis; from 
any point F in the conjugate axis let a 
right line FG> which is equal to the fum 
or difference of the femiaxes CA, CB y be fo 
placed as to meet the tranfverfe axis in G; 
and in FG 9 . produced beyond G when FG 
is the difference of the femiaxes, let GP be 
taken equal to CB, the point P will be in 
the ellipfe. 

FROM the point P draw Ptf perdendicular to 
the axis AM; and through the center C draw 
tJ^ f parallel to FP, meeting NP produced in §{. 
Then C^ t is equal to FP, which is equal to CA 
by the conftruftion 9 therefore the point ^is in the 
circumference of a circle, of which C is the center 
and CA radius; and becaufe the triangles PNG 9 
%NC are fimilar, PN is to $N as PG is to C^ 9 
or as CB to CA 9 therefore PN is the femi-ordinate, 
and P is in the ellipfe by the Cor. to the preceding 
propofition. 

Cor. Hence* if two right lines AM 9 Bb, of which 
•j&M is the greater, bife<5t each other at right angles 
in the point C, and a line FP be taken ^qual to 
CA 9 in which' the part PG is taken equal to CB 9 
and whilft the line FP makes one revolution, the 
point F is always in the line Bb 9 and G in AM 9 
the point P will defcribe an ellipfe, of which AM, 
Bb are the axes. 

PROP- 



( 8* ) 



Pro. 63. 



pfeop. LXiii. 

1 r 

M from (he vertices of* any two conjugate di- 
ameters of an ellipfe two ordinates be 
drawn to the axis; the fquare of the fcg- 
mentsofthe axis, between the ordihates and 
the center, art together equal to the fquare 
of the /emi-axis ; arid the fquares of the 
femi-ordinate$ are together equal to the 
fquare of the conjugate femi-axis. 

LET PG, DK be two conjugate diameters of 
the ellipfe; and from the vertices P 9 D draw 
the femi-ordinates PN 9 DL to the axis AM ; thd 
fquares of CN 9 CL are together equal to the 
fquare of CA- 9 and the fquares of PN 9 DL are 
equal to the fquare of CB. From the center C, at 
the diftahce CA 9 defcribe a circle, and let the or- 
dinates NPi Lt> meet the circumference in R and 
F- 9 and join CR 9 CF. Through the points R, P 
draw the tangents RT 9 PT meeting the axis in ?*; 
and becaufe CD is parallel to TP 9 the triangles 
CLD, TNP are fimilar, and 

TN is to NP as CL is to LD 9 and 
NP is te> NR as LD is to LF 9 therefore 
fN is to NR as CL is to LF; and confequently 
the triangles < TNR 9 CLF are fimilar, and the angle 
LCF is equal to NTR 9 which is equal to CRN; 
and CF being equal to CR 9 the triangles CLF, 
GNR are equal, and CL is equal to NR ; therefore 
the luni of the fquares of CN 9 CL is equal to the 
fquare of CR 9 or CA. Secondly, the fquare of RN 
is to' the fquare of PN> and the fquare of FL to 

the 
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the fquare of DL as the fquare of CA is to die 
fquare of CB; therefore the fum of the fquares of 
RN, FL is to the fum pf the fquares ofPN, DL as 
the fquare of CA to the fquare of CB; but the fum 
of the fquares of RN, FL, or ofCL, FL is equal to 
the fquare of CA; therefore the fquares of PN, DL 
are together equal to the fquare of CB. 



PROP. LXIV. 

The fum of the fquares of any two conjugate 
diameters of an ellipfe is equal to the fum 
of the fquares of the axes : and the differ- 
ence of the fquares of any two conjugate 
diameters of an hyperbola is equal to the 
difference of the fquares of the axes. 

F"IRST, let ABMbe an ellipfe, of which PG, Fie. 6*. 
DK are any two conjugate diameters; then* 
the fame conftru&ion remaining, the fquare of CP 
is equal tp the fum of the fquares of CN, NP, and 
the fquare of CD is equal to the fum of the fquares 
of CL,LD; therefore the fquares of CP, CD are 
together equal to the fquares of CN, CL and PN, 
DL, that is, to the fquares of CA, CB; and the 
fquares of PG, DKare together equal to the fquares 
oiAM,Bb. ' 

Secondly, let PA^bt an hyperbola, of which Fio. 64. 
PG, DK are any two conjugate diameters, PG be- 
ing the greater of the two; and let AM, Bb be the 
axes. Join PD cutting the afymptote in /, and 
draw Pm, D n perpendicular to the afymptote. Then, 
PI being equal to Dl, Prop. 37. the angles at n and 
?n being right angles, and the angles at / vertical, 

12 the 
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the triangles Pml, Dnl are equal, and In is equal to 
Im : and becaufe the fquare of CD is lets than the 
fquares of CI, ID, or CI, /J°, by twice the re&arigle 
Cln, or C7/», and the fquare of CP is greater thaa 
the fquares of CI, /P, by twice the re&angle Clm^ 
the difference of the fquares of CP, CD will be 
equal to four times the redtangle Clm. But Im is to 
IP in a conftant ratio of the cofine of the given an- 
gle mlP to radius; and the re&angle Clm is to 
the conftant je&angle CIP in the fame ratio ^ 
therefore the difference of the fquares of CP, CD is 
invariable, and confequently equal to the difference 
of the fquares of CA, CB; and the difference of the 
fquares of PG> DK is equal to the difference of the 
fquares of AM, Bb. ' x 

PROP. LXV. 

The tranfyerfe axis is the greatefl: of all the 
diameters of an ellipfe ; aad the axes of an 
hyperbola are the leaft of all its diameters. 

Fig. 63. T ET PG be any diameter of the ellipfe ABM; 
JLj through its vertex JP draw PN§^ an ordinate 
to the tranfyerfe axis AM, and let it meet the cir- 
cumference of the circle -AEM in R. Becaufe AC 
is greater than B C ; RN, is greater thin PN, and 
the fquare of R.N greater than the fquare 6fPN; 
therefor^ the fum of the fquares of RN, CN, or the 
fquare of CR, is greater than the fum of the fquares 
of PN, CN, or the fquare of CP; and CR, or CA, 
is greater than CP\ therefore AM is greater thai 

Fig. 64, PG. Secondly, let PG be any diameter of the hy- 
perbola PA^,y and draw PN§>jxi ordinate to the 
axis MA. Then, CNP being a right angled trian- 

• — < -. •• . . , • gle, 
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gle, CP is greater than CN 9 which is greater 
than CA\ therefore PG is greater than AM. 
In the fame manner it may be proved that, if DK 
be any diameter of the conjugate hyperbola, CD 
will be greater than CB 9 and DK greater than 
Bb. 

Cor. Thofe diameters of the hyperbola which 
are nearer to the axis are lefs than thofe which are 
more remote: for as PN decreafes, CN decreafes. 
Cor. 5. Prop. 6. and therefore CP decreafes. » 

PROP. LXVI. 

Thofe diameters which are nearer to the tranf- 
verfe axis of an ellipfe are greater than thofe 
which are more remote; the conjugate 
axis is the leaft of all the diameters; and 
any two diameters of the ellipfe or hyper- 
bola, which make equal angles with either 
of the axes, are equal. 

LET ABM be an ellipfe; defcribe a circle Fig. 63. 
having the axis AM for its diameter; and let 
fhe ordinates to the tranfverfe axis AM be produced 
to meet the circumference of the circle. Becaufe 
the fquare of RN h to the fquare of PN in a con- 
ftant ratio, the difference of the fquares of RN 9 PN 
will be to the fquare of RN m a cdnftaht ratio; and 
if the line RPN be fuppofed to move from A to C, 
RN will increafe till it becomes equal to EC, or 
CA 9 whilft CN decreafes ; * therefore the fquare of 
PN, and the difference of the fquares of RN, PN 9 
which is equal to the difference of the fquares of 
CR 9 CP y will increafe from A to C; and, CR being 

conftanv 



( 86 ) 

conftant, the fquare of CP will decre^fe^ and there* 

fore CP will decreafe, till it becomes equal to CB 9 

when it will be the leaft. 
Fig. 63, Secondly, let PCG be any diameter of the ellipfe 
4 * ox hyperbola; draw PiV^an ordinate to either of 

the axes, and join CQ. Then, iV^being equal 
* to NP 9 and CN common to the two right angled 

triangles CN§^ CNP 9 the triangles are equal; 

therefore Q^js equal to CP 9 and the angle §CN 

is equal to the angle PCN. 

Cor. Hence, if the femidiameters CP, CD be 

equal, and the angle PCi^be bife&ed by' the line 

CA 9 the politien of the axis will be determined. 

PROP. LXYII. 

• • • 

The two diameters of an ellipfe, which bifeft 
the right lines joining the vertices of the 
axes> are equal and conjugate diameters. 

Fig. 66. j ET AM ^ Bh fc e the ^ xes c f an ellipfe; join 

JLrf AB 9 BM 9 and draw the diameters GP 9 KD 9 
bife&ing die jines AB 9 BM in the points N and J. 
Becaufe the lines BA, BM are bife&ed by the dia- 
meters GP 9 KD 9 they are ordinates to thefe diame- 
ters, Cor. 1. Prop. 33. and becaufe AM is bifedted 
in C, and AB in N; CN is parallel to MB ; there- 
fore GP 9 KD are conjugate diameters : and the an T 
gle ACB being a right angle, it will be in a femi 7 
circle, of which AB is die diameter, and N the cen- 
ter; therefore NA will be equal to NC 9 and the 
angle NCA equal to the angle NAC % which is equal 
to the alternate angle A CK- 9 and therefore the dia- 
meters PG 9 KD are eqv^al, by the preceding propo 7 
fition. 

PROP. 
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PROP. LXVIII. PROB. r£. 
To find the axes of a given conic feftion. 

FIRST, let the fedtion be an ellipfe or an hyper- Fig. 67* 
bola, and find any two diameters, by Cor. 4. 68 * 

Prop. 33. cutting each other in the point C: from * 
the centaf,C, at the diftance CP 9 which is the great- 
er fem^attteter in the hyperbola, " and which is 
grea$f?than the lefier femidiameter in the ellipfe, 
but lfi& than the greater, defcribe a circle; which 
will cut the curve, or the oppofite curves, in the 
points P and G; and becaufe the ellipfe and hyper- 
bola have each of them another diameter equal to 
PG, ir will alfo cut the curve, or oppofite curves, 
' in two other points i^and K. Join C^, and draw 
CA bifedting the angle PC^ 9 which will be one of 
the axes, Cor. Prop. 66. Join P^, which will be 
bifefted by the line CA in N; it is, therefore, an or- 
dinate to the axis; and if BCb be drayra through 
C parallel to P^, meeting the ellipfe in the points 
B 9 b 9 it will be the other axis; the length of which, 
in the hyperbola, may be determined in the follow- 
ing manner; from the center C, at the diftance CA 9 Fig. 68. 
defcribe a circle; from the point N draw NR a tan- 
gent to the circle, and take CB 9 Cb each of them a 
fourth proportional to the lines RN> PN and 
CA; and Bb will be the conjugate axis, Cor. 
Prop. 60. 

Secondly, let the fe&ion be a parabola, of which Fig. 69. 
find any diameter BC; and if it bifedts its ordinates 
at right angles, it is the axis; if it does not bifedt 
■ them at right angles, through any point C draw §CP 
perpendicular to BC 9 meeting the parabola in the 
points ^ P; bifedt <3>P in the point N, and draw 

NA 
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NA parallel to CB 9 which will be the axis : for NA 
is a diameter which bife#:s §>P- 9 therefore %P is an 
ordinate to that diameter ; and becaufe it is perpen- 
dicular to NA; NA is the axis, 

PROP. LXIX. 

4 If two ellipfes or two hyperbolas have a cotri- 
mon axis, and ain ordinate be drawii 
through the fame point in the axis to each 
of the curves $ the areas included between 
the common abfciffa, the ordinates, and the 
two curves, alfo the whole areas of the el- 
' lipfes will be to each other as the conjugate 
axes. 

PlG# «! T ET AP > a §Jk two ellipfes, or two hyperbo- 
JL4 las ; take any abfciffa AN, which is not great- 
er than half the axis of the ellipfe, and draw the 
ordinates NP, NQ. The areas ANP 9 AN^axt to 
each other as the conjugate axes. Let the abfcifia 
AN be divided into any number of equal parts, 
AE 9 EF 9 FG 9 GN, through the points E 9 F 9 G 
draw the ordinates ERI 9 FSK 9 GTL> and complete 
the parallelograms, AR 9 AI 9 ES 9 EK, &c. alfo from 
the points /, K 9 L draw //, Kk 9 LI parallel to AN. 
Then it is evident that the difference between the 
circumfcribed parallelograms AI 9 EK 9 FL 9 Gi^and 
the infcribed parallelograms Ei 9 Fk y Gl is equal to 
the parallelogram G^ ; and if parallelograms be in^ 
fcribed, in the fame manner, in the other figure APN 9 
the difference between thefe and the circumfcribed 
parallelograms would be equal to the parallelogram 
GP; therefore the differences between each feriesof 

parallelo-* 
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parallelograms and the areas A§>N 9 APN will be left 
than the parallelograms G<j^, GP-, and becaufe the 
parallelogram GP is to the parallelogram GiS^as NP 
is to N^ and each parallelogram in the figure APN 
is to the correfponding parallelogram in the figure 
AQNin the fame ratio; the fum of all the parallo- 
grams in the figure APN is to the fum of all in the 
figure A$N as NP is to N<^} and the area APN 
will be to the area A<%N as the fum of the paralle- 
lograms in APN to the fum in A§>N: for if not, let 
the parallelograms APN be to the parallelograms 
A§N as the area APN to fome (pace X greater or 
lefs than the area A§>N. Firft, let the fpace X be 
greater; then if the bafes AE 9 EF, FG, GN be 
continually bifefted, and the parallelograms com- 
pleted as above, the parallelograms GP, G<^ 9 wi 1 
be diminifhed in the ratio of two to one at each 
bifedtion, and the difference between each feries of 
parallelograms and the areas APN, AQN will be 
diniiniftifed more than half ; therefore the difference 
between the circumfcj-ibed parallelograms AQN 
and the area A§N may be made lefs than any given 
fpace ; letitbe lefs than the difference between the area 
A^N and the fpace X, and the circumfcribed paral- 
lelograms A§>N will be lefs than the fpace X; bufthe 
fum of the parallelograms APN is to the fum of the 
parallelograms A§>Jyas the area APN is to the fpace 
Jf, % and the fum of the parallelograms APN is greater 
than the area APN; therefore the fum of the paral- 
lelograms AQNis greater than X-, which is impof- 
fible. Secondly, let the parallelograms APN be to 
the parallelograms A^N-ds the area APN to fome 
fpace X lefs than the area AQN, and let the differ- 
ence between the infcribed parallelograms A§>N 
and the area AQNbe made lefs than the difference- 
,between the area AQNznd Xf then the ^arallelor 
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grams A%N will be greater than X, but the in- 
fcribed parallelograms APN are lefs than the area 
APN; therefore the parallelograms AQN are lefe 
than X; which is impoflible. Therefore the afea 
APN is to the area AQN as the parallelograms 
APN to the parallelograms A$N 9 or as NP is to 
N^ t9 that is, as the conjugate axes Prop. 60. 

Fio. 70. if t h e fe&ions be two ellipfes, and the abfcifla MN 
be greater than half the axis, the area A CB is to 
the area A CD as CB to CD; and by divifion, the 
area CNPB 9 is to the area CN%D as CB to CDy 
therefore by cofnpofition, the area MPN is to the 
area M§N 9 and the area MBA to the area MDA 
as CB is to CD 9 and confequently the whole aisas 
MBAb 9 MDAd are in the fame ratio. 

Cor. 1. If a circle be defcribed about the tranf- 
verfe axis of an ellipfe; the area of the circle will 
be to the area of the ellipfe, as the tranfverfe axis is 
ta the conjugate axis. 

Fio. 70, £ 0R- 2# xhe area of an ellipfe is equal to that 
* a * of a circle, whofe diameter is a mean proportional 
between the two axes : for let ABMb be an ellipfe, 
and let ADMd be a circle having the tranfverfe 
axis for a diameter; let HV be a mean proportional 
between AM 9 Bb 9 and defcribe the circle having 
HFioT a diameter. Then, becaufe AM, HV 9 % Bb 
are continual -proportionals, the fquare of AM is to 
the fquare of HV as AM is to B b 9 that is, as the 
area of the circle ADMd to the area of the ellipfe 
ABMb ; and the fquare of AM is to the fquare of 
HV as the circle ADMd to the circle HXV; there- 
fore the area of the circle HXV is equal to the area 
of the ellipfe ABMb. 

Cor. 3. The areas of any two ellipfes are to each 
other as the reftangles under their axes : for the 
area of the ellipfe ABMb is to the circle HXV as 
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the reftangle under AM, Bb is to the Iquare of HV> 
that is, iii a ratio of equality; and alternately, the 
area of the ellipfe ABMb is to the re&angle under 
4M% Bb as the circle HXV is to the fqyare of HV-> 
but all circles are as the fquares of their diameter?; 
therefore the area of the ellipfe is to the re&angla 
yjider the ;&xe$ in a given ratio, 

PROP. LXX, 

Jf two parabolas have a commop axis, and an 
ordinate be drawn through the fame point 
in the axis to ^ach of the curves , the ureas 
of the parabolas, included between the com- 
mon abfciffa, die ordinates, and the two 
curves, are to each other in 9- fubduplicate 
ratio of the latpra re&a, 

LET AP, ^^be two parabolas, having a com- Fig. 73, 
ttion axis AN; through any point N in the 
axis draw the ordinates NP> N§>j and let JL and 
jVfbe the latere redta of the two parabolas AP 9 AJ3>j 
Then the fquare of NP is to the fquare of N^jis 
the re&angle under AN and I* to the re&angle 
under AN and My or as L is to M; therefore NP 
is to JV^in the fubduplicate ratio of L to M ; and 
the Ordinates NP 9 NQ, being to each other in a 
conftant ratio, it may be proved, in the lame man-? 
ner as in the preceding propofition, that the areas 
4?N> AQN are ;o each other in the fame ratio. 
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PROP. LXXI. 

If any ordinate and abfciffa of a parabola be 
completed into a parallelogram ; the area of 
the parabola, included between the ordinate 
and the curve, is to the parallelogram as z 
to 3. 

Fig. 74. T ET AN be any diameter of the parabola, and 
.1 J Pi^an ordinate to that diameter; through the 
point A draw BC parallel to P^ t ; and through the 
points P, ^ draw PB, gC parallel to NA. The 
area of the parabola P^j^will be to the parallelo- 
gram PBC^ a$ 2 to 3. Join PA, A^; and 
through the points P, i^draw the tangents PT> 9$T, 
meeting the diameter in T: through die points £, G 
draw the diameters ED, GK, which will bifett the 
lines PA, Jg)^ in D, K, Cor. %. Prop. 34. and 
through the vertices draw the tangents RL, MV\ 
join PF, FA, and AH, HQ. Then, NA be- 
ing equal to AT, and Pj^equal to twice 1LG, th$ 
triangle PAQ will be double the triangle TEG; 
for the fame reafon the triangles PFA 9 AHg^mll 
be double the triangles ERL, GMV\ therefore the 
infcribed figure PFAH i^will be double the external 
figure TRLAMV, and the fame proportion holds 
whatever be the number of triangles infcribed; but, 
by proceeding in this manner, the difference be* 
tween the infcribed figure PFAHg^and the are?, 
PA^, and the difference between the external fi- 
gure and the area 77\^j^will each of them become 
lefs than any given {pace : for the triangle P^^being 
half of the parallelogram PBC^, it is greater thaq 
half of the areaP^^,; and, for the fame reafon, the;. 

tri- 
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triangles PFA, ^i/j^are each of them greater than 
half of the areas PFA, AH£>j and PE being equ4 
to ET, the,, triangle PEA is ..equal to the triangle 
EA *t, and the triangle TE G is half of the two tri- 
angles TPAi TQA, and therefore more than half of 
the external area TPA £>j and, for the fame reafon, 
the triangles MRL 9 GMV are . mote thdn half of 
the areas EPFA, GAHS^ therefore, by infcribing 
triangles as above, the difference between each rec- 
. tilinear figure and the parabolic area is diminished 
more- than half at each operation, and therefore 
may be made lefs than any given (pace; and the 
'parabolic area P-^^will be double the area TPAQi 
for if it were greater than double that area by any 
given ipace 5, a feries of triangles might be infcrib- 
ed in the area PA^ which would differ from it 
,fc>y a fpace lefs than £, and this feries v of triangles 
vtould be more than double the area TPA§>j> and 
confequently more than double the correfponding 
figure inferibed in the area TPA^j which is im~ 
impoflible. ' If the area PA^ were, lefs than 
double the area TPA^ y this area would be, 
greater than half the area PAQ by fome fpace $* 
and therefore fince a feries of triangles migl|£ be ii> 
(bribed in the area TPA^ which would differ from 
it by a fpace lefs than 5, this feries would be greater 
than half of the area PA^ 9 and therefore greater 
than half of the feries of correlponding. triangles in 
the area PA^- 9 which is impoflible. Therefore it 
follows that the area P-^j^is neither more nor lels 
than double the area TPA^ and confequently the 
area PA^Js to the whole triangle PSTi^as 2 to 3. 
But the triangle PJ^i^equal to the parallelogram 
PBC^j therefore the area P^^is to the parallel- 
ogram PBCQjs 2 to 3. 

^JKCok. JtJence, the area PFAN being two thirds 
^ be 
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tote Cly it may be proved, in the fame mannef, 
that the areas AEFQj> i^FXMare equal. 

Cor. 2. Hence, if the fegments of the afymptote 
be taken in continued proportion, the areas, begin- 
ning from the firft line DP> will be in arithmetical 
proportion. 

DEFINITIONS. 

XXVIII. A circle is faid to touch a conic fedtr- 
6n in any point, when the circle and the conic fac- 
tion have a common tangent in that point. 

XXIX. If a circle touches a conic feftion in any 
point, io that no other circle can be drawn between 
this circle and the conic fe&ion, it is faid to have 
the fame curvature with the fedtion in the point of 
contact, and it is called the circle of Curvature. 

LEMMA, III. 

Fie. 77. jf tq70 tangents PT, Vf be drawn at the ex- 
* tremities of any chord of a circle, and from 
any point i^in the circumference a chord 
%jl be drawn parallel to one of the tan- 
gents IT, cutting the chord PV in the 
point iV, and from the points ^ q the 
' lines $11, qb be drawn parallel to the other 
tangent TV^ meeting the chord PVm H 
. and h\ the fquare of $N will be equal to 
thie re&angle under PN, VH\ and the 
fquare of qN will be equal to the rectangle 
under PN y Vk> 

JOIN 
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JOIN %P 9 %T 9 alfo qP 9 qV 9 and becaufe the lines 
$N, ^tfare parallel to TP 9 fr % the triangles 
?PV 9 ^NH are funilar; therefore §N is equal to 
§(H 9 the angle $HN is equal to the angle 
§Nff 9 and the artgle %Hf equal to the angle 
QNP; and'the angle P^JV being equal to the al- 
ternate angle- ^jPT, wbidi is equal to the angle 
QVP in the alternate fegment, the triangles ^/Vtf, 
^yi/are.finiilar; therefore PN is to ^iV as <2>H 9 
or <%N 9 is to W2, and the re&angle under. PN 9 
VH is equal xxy the fquare of <$N. In the fame 
nrannor it may be proved, that the triangles PfN 9 
qVh are fimilar; therefore iWi* to qN as qk 9 or 
jiV,_. i» to. V%. and the re&angle under PN, Vh. is 
equal to the fquare of qN. . 

Cor. If the fine i^,£ which is always parallel to 
TP 9 bp fuppofed to move from V to P-, the points 
i/, iV, h 9 and the points ^, q will continually 
approach to P, in wHch point they will alt coin- 
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PRO P. LXXIV, 

If a circle touches a conic fe&ion in any 
point, and cuts off from the diameter which 
paffes through that point a fegment greater 
than its parameter, a part of the circum- 
ference on each fide of the point of contact 
will be wholly without- the conic fe&ion ; 
and if it cuts off from the diameter a feg- 
ment lefi than its parameter, a part of the 
circumference on each fide of the point of 
contact will be wholly within the conic 
* fe&ion. 

Fx0 ' 7 8 - Cafe i, T ET the conic feftion be a parabola, of 

JLj which Pf'is any diameter; let PR be 
a common tangent to the parabola and the circle 
in the point P; take PR equal to the parame- 
ter of that diameter, and through the point R draw 
RL parallel to PV\ let the chord !^j, which is pa- 
rallel to RP, be produced to meet RL in L 9 and 
from the points ^ q draw %H> qh parallel to the 
tangent *[V. Firft, let the circle cut off a fegment 
PV greater than the parameter, and take VR equal 
to PR, or NL. Then let the fine %j be fuppofed 
to move from V to P 9 and when the point H comes 
to B 9 VH will be equal to VR, or NL; and 
the reftangle under PN, VH y or the fquare of JVi^ 
will be equal to the re&anele under PN, 2VX, 
which is equal to the fquare of the femi-ordinate of 
the parabola, Prop. 43. therefore N^will be equal to 
the femi-ordinate, and ^is a point in the parabola. 

But 
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But when the point H is any where between B and 
J\ VHrw'iSX be greater than NL- 9 therefore N^ y 
and confequently Nq will be greater than the femi- 
ordinate, and the arc of the circle $Pq will be 
wholly without the parabola. Secondly, let PV be 
lefs than PR, and take Vb equal to PR. When k 
comes to b, Vh will be equal to NL 9 therefore Nq 
will be equal to the femi-ordinate, and q is a point in 
the parabola; but when h is any where between b 
and P, Vh will be lefs than NL ; therefore Nq, and 
confequently jVi^will be lefs than the femi-ordi- 
nate, and the arc §Pq will be wholly within the - 
parabola. 

Cafe z. Let the feftion be an ellipfe, of which Fie. 79. 
PC? is any diameter, and take PR in die tangent at 
P equal to the parameter of that diameter; join 
RG 9 and let the chord §>a meet RG in the point 
L. Firft, let the chord PV be greater than the 
parameter, and take VB equal to PR; then, NL be- 
ing lefs than PR 9 VH will be equal to NL before H 
comes to i?, when iV^will bp equal to the femi- 
ordinate, and i^will be a point in the ellipfe ; when H 
is any where between this point and P, VH will be 
greater than NL ; therefore NQj> and confequently 
Nq will be greater than the femi-ordinate, and the arc 
§Pq will be wholly without the ellipfe* Secondly, 
if PV be lefs than the parameter, take Vb equal to, 
PR, from P draw PO parallel to RL 9 meeting the 
chord $jq in O; then OL will be equal to Pi?; and 
as the point N approaches to P, the point O will 
approach to N 9 and as h moves from k towards P, 
bh increafes, and NO deer cafes; therefore bh will be 
equal to NO before h comes to P, and Vh will 
be equal to LN\ therefore Nq will be equal to the 
femi-ordinate; from this point to P, bh will 
|>e greater than NO, and Vh lefs than NL ; there- 
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fore N$ 9 and Coi>rcqu«rtly JV^toII be' lefs than-the 
femi-ordinate, and the arc QPq Will be wholly 
within the eflipfe. 
Fie. 80. Cafe $. Let the fe&ion be an hyperbola, of 
which PG is any diameter, in the tangent at P take 
PR equal to the parameter; join RQ and produce 
the chord ^ g till it meet GR in L; and NL wiM 
be greater than PR. Firft, let the chord PFbe 
greater than the parameter; take VB equal to PR, 
and from P draw PO parallel to RL. When the 
point H is between B and P, but nearer to B, BH 
will be lefs than NO ; and as if approaches to P, 
BH increafes, and NO decreafes; therefore BH will 
be equal to NO before H comes to P y and VH 
will be equal to NL ; therefore JV^will be equal to 
the femi-ordinate of the hyperbola; from this point 
to P 9 BH, being greater than N0 $ PH will be 
greater than NL ; therefore N^ and consequently 
Nq will be greater than the femi-ordinate, and the 
arc §Pq will be wholly without the hyperbola. 
Secondly, let PV be lefs than the parameter, and 
take Vb equal to PR. When h comes to £, Vh 
will be equal to PR; it will, therefore, be equal to 
NL before h comes to b y when Nq will be equal to 
the femi-ordinate of the hyperbola; from this point 
to P 9 Vh will be lefs than NL ; therefore Nq, and 
confequently #i^will be lefe than the femi-ordinate, 
and the arc QP q will be wholly within the hyper* 
bola. • 

Cor. 1. If a circle touches a conic feftion, and 
cuts off from the diameter which paflfes through 
the point of contact a fegment equal to its parame- 
ter, no other circle can be drawn between this cir- 
cle and the conic feftion: for if a greater circle be 
d'feribed,. it will cut off from the diameter a feg- 
ment greater than its parameter, and a part of the 

cir- 



circumference on eadi fide of the point of contaffc 
will be wholly without the conic feftion, it will alfo 
be without the former circle; and if a lefe circle 
c be defcribed, it will cut off from the diameter a 
fegment 'lefs than its parameter; it will, there- 
fore, be within the c6nic fe&ion on each fide of 
<the point of contadt, and it will fall within the for- 
mer circle. * 

Cor. 2. The chord, which the circle of curva- 
ture cuts off from the diameter of a parabola, is 
equal to four times the diftance of the vertexofthat 
diameter from the focus. 

Cor. 3. The chord, which the circle of Cutya- 
ture cuts off from a diameter of an dlipfe or *m t*y- 
-perbola, is a third proportional to that diameter and 
^conjugate. 

Cor. 4. If- two conic fe&ions have the fame 
-parameter, and the ordinates of each make thfe 
fame angle with the diameter, they will have the 
/tape circle <of curvature. 



PROP, 



( toz ) 



PROP. LXXV. 

The circle of curvature at the vertex of the 
tranfverfe axis of an ellipfe or hyperbola, 
or at the vertex of the axis of a parabola, 
falls wholly within the conic fedion : but 
the circle of curvature at the vertex of the 
conjugate 9x1$ of an ellipfe falls wholly 
without the ellipfe* 

i 

Fig. 78, HP HE fame conftrg&ion remaining, the chord 
79» X PY *t the vertex of an axis will be perpendi- 
° 0# cular to the tangent; it will, therefore, be a diame- 
ter of the circle; and £$jj being perpendicular to 
PF, it will be bife&ed in N, and 3# q h will coin- 
cide with §$N> qN, and the fquares of $N 9 qN will 
each of thpm be equal to the reftangle PNF: and 
if the fe&ion be a parabola or an hyperbola, 

Fio. 78, FN will be lefs than FP> or PR> and confc- 

8o * quently lefs than JVX; therefore JV^will be Jefe 

than the femi-ordinate, and the circle will fall whol- 

' ly within the fe&ion. If the feftion be an eljipfe, 

f ic. 79. ptf is to NQ as PG is to PR-, therefore PN will 
be greater or lefs than JVp, and FN lefs or greater 
than NL, according as PG is greater or lefs 
than PR* At the vertex of the tranfverfe 
^xis fG is greater than PR; therefore FN is lefs 
fhap NL 9y and JV^is lefs than the femi-ordinate; 
blit at the vertex of the conjugate axis PG is lefs 
than PR> therefore FN is greater than NL, and 
N^js greater than the femi-ordinate. Therefore 
in die former cafe the circle falls wholly within^ 
and in the latter, without $he ellipfe. 

P|lOP. 
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PROP. LXXVI. 

The circle of curvature at the vertex of any 
diameter of a conic fe&ion, which is not 
an axis, cuts the fe£tion in that point; it 
alfo cuts it in another point, which may be 
determined* 

Cafe i. T ET the fe&ion be a parabola; and, the Fig. 78. 

]La fame conftruftion remaining, draw 
PM parallel to the tangent TV, meeting me circle 
in the point M. Then, MP being parallel to qk, 
if q be any where in the arc PM, between P and 
My Vh will be greater than VP, or NL$ therefore 
Nq will be greater than the femi-ordinate. When 
J is at My Vh will be equal to VP, or NL, and M 
is a point in the parabola. If a be any where be- 
tween M and V, Vh will be lete than NL, and Nq 
lefs than the femi-ordinate; and if j^be any where 
between P and V, VH will be lefs than NL 9 and 
iyr^lefe than the femi-ordinate. Therefore the 
circle cuts the parabola in the points P and M ; 
the arc PqMh without, and the arc P§M is with- 
in the parabola, 

Cafe 2. If the fe&ion be an ellipfe; draw PW F»g- 79» 
parallel to the tangent TV. Then it is evident, 
that, if q be any where in the arc PfV, Vh will be 
greater than PR, and confequently greater than 
NL; therefore Nq is greater than the femi-prdihate, 
and the arc Pqfr is without the ellipfe. In the 
tangent TV take TE to TV as the diameter PG to 
the parameter PR, and draw PE cutting the circle 
in M; then the arc P$M will be within the ellipfe, 
and the circle will cut the ellipfe in M: for take 

any 
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any point ^ between P and M-, join P^ 9 and 
produce it till it meet 7T in jP, and let i/^meet 
the tangent %P in /. Becaufe IH is parallel to 
3T, Jffis to 7^ as PI is to P5T, or as /^to TF t 
and alternately, IH is to /i^as T^isto TF, bpt, 
J\T<^being parallel to PI> 
PH is to PN as Jtf to 7^, as TV to FF, and 
PNh to NO as GPt&PR, as £E~to TV; therefore 
PH is to NO as r£ is to TF. Hence,, whilft TF 
is lefs than TE 9 NO will be lefs than PH, and con- 
fequeAtly NL greater than VH> and' the fcmi-ordi-» 
mtie greater than N^ If ^be at M NO. will be 
equal to PH, and #£ equal to Ti?; therefore JfeTis 
a point in the ellipfe. But if TF te. greater than 
$E S NL will be left than VH 9 and the feroi-ordi-: 
i»te 1*6 than N$j therefore the circle Cuts the el- 
lipfe in Af. 

If i? he on the other fide of V 9 or q be any where. 
between fand W, it may be fhown in the fame 
manner, that Vh will be greater than NL, and con- 
fequently Nq greater than the femi-ordinate. 
Therefore the circle cuts the ellipfe in the points P- 
and M; the arc. PWM is without, and the arc 
P$M. is within the ellipfe. 
Pig. 80. Cafe 3.. If the feftion be an hyperbola, VH 
being lefs than VP, or PR , and consequently lefe 
tnan NL, N££i$ lefs than the , fetni-ordinate. 
In- VT produced, take TE to TV a& PG is to 
PS , join £P* and; produce it to. meet the circle in 
jkf. Take any point q between. P and A/j join y P, 
and- produce it to meet 7\£ in F; and let the tan- 
gent TP meet j A in L Then, yi being parallel 
to.J7\ Aiis,te#Pa&P/'is. toPT, asip «*£F 
and alternately, ///is to /? as TV 7 " is to 5TF; but 
hP iiti>PN*& kl to Zy,.as 2T to 7T, and 
Wis ta #0 as.PG to PA* a* r£ to 7T; therefore 

hP 
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hP is to NO as TE is to TF. Hence, whilft TP 
is lefs than TE, NO will be lefs than hP, and con- 
fequently NL lefs than Vh ; therefore ffq is greater 
than the femi-ordinate. If q be at M, TF will be 
equal toTE, and Vh will be equal to NL ; there- 
fore A/ is a point in the hyperbola. Draw PW pa- 
rallel tolflP; then if j be anywhere between Af and 
W, TF will be greater than TE, and iVX greater 
than Vh-, therefore Nq is lefs 'than the femi-ordi- 
nate; but when q comes to W, Vh is equal to VP,' 
or PR, which is lefs than NL, and from /f to V, 
Vh will be lefs than VP. Therefore the circle cuts 
the hyperbola in the points P and M\ the arc 
PqMis without, and the arc P$M is within the 
hyperbola. 



PROP. LXXVII. 

The chord of the circle of curvature, which 
is drawn from the point of contact through 
the focus of a parabola, is equal to that 
which is cut off frctai the diameter; and 
half the radius of the circle is a third pro- 
portional to the perpendicular drawn from 

. the 'focus upon the tangent, and the dis- 
tance of the point of contact from the 
focus. 

LET PV be the chord which is cut off from -Fig. iu 
the diameter. ; draw P S ^through the focus, 
meeting the circle in fV; and draw the diameter 
PR, join VIV, RfV*, bifed PR in O; and draw ST * 
from the focus perpendicular to the tangent. Then, 

O the 
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the angle SPT being equal to the angle VPZ, 
Prop. 25. the angles in the alternate fegments will 
be equal, that is, the angle PVW equal to the an- 
gle PWV, and PW is equal to PV. Secondly, the 
triangles RPW,SPT being fimilar, RP is to PW S 
or 4SP, as SPls to ST; therefore half PO is to SP 
as SP is to ST. 

Cor. 1." Hence the radius ^of curvature is equal 
zSP* 

t0 ST' 

Cor. 2. Becaufe the radius of curvature varies 
as the fquare of SP dire&ly, and as ST inverfely, 
and SP vajies as the fquare of ST, Cor. 1. Prop. 45. 
the radius of curvature will vary as the cube of the 
perpendicular ST, or as the cube of the normal, 
Cor. 3. Prop. 45. 

PROP. LXXVIII. 

The radius of the circle of curvature at the 
vertex of any diameter of an ellipfe, or an 
hyperbola, is a third proportional to the 
perpendicular drawn from the center upon 
the tangent, and the conjugate femidiame- 
ter; and the chord which is drawn* from 
the point of contadl through the focus is a 
third proportional to the tranfverfe axis, and 
the conjugate diameter. 

Fig. 82, j ET ppbe the chord which is cut off from 
JL-i the diameter; draw the diameter of the circle 
PR, and from the center O draw O T perpendicu- 
lar XoPF, which will bifeft PV'm T; draw the 

conju- 
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conjugate diameter DCK 9 cutting PR ii> F, and 
PP*will be equal to the perpendicular drawn from 
the center G upon the tangent; draw the chord 
PW through the focus S 9 and let it meet the con- 
jugate diameter in E, and join RW. Becaufe the 
triangles PFC 9 PTO are fimilar, 

PF is to PC as PT is to P0 9 and 
PC is to CD as CD is to PT'; therefore 
PF is to CD as CD is td PO. 

Secondly, becaufe the triangles PEF 9 PRW are 
fimilar, 

PJFis to PR as PF to P£, or as 2PF to iPE 9 and 
PR is -to 2CZ) as 2 CD is to 2PF; therefore 
PfTis to 2 CD as 2CZ) is to zP£, or 2^C. 

Cor. j. Hence the radius of curvature is equal 

CD 9, 
to -=r=r y anc ^ t ' le c h° r d whiqh is drawn through the 
PF 

r .. . 2CZ) a 
tocus is equal to — . 

Cor. 2. Becaufe CZ> is to AC as Cfi to PF> 
Prop. 56. the fquare of CD will vary inverfely as 
the fquare of PF-, therefore the radius of curvature 
will vary inverfely as the cube of PF 9 or dire&ly as 
the cube of the normal which is terminated by ei- 
ther of the axes, Cor. 2. Prop. 55, 



02 PROP. 
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PROP. LXXIX. 

Fig. 8r, jf the right line PT touches a conic fection 
83! in any point P, and PS be : drawn from 
the point of conta6t to the focus, and ST 
• from the focus perpendicular to the tan- 
gent; the radius of the circle of curvature 
at the point P will be to half the latus 
re&um in the triplicate ratio of SP to ST. 



FIRST, let the conic feftion be a parabola; and 
becaufe a fourth part of the latus redtum is a 
Fig. 8i. third proportional to SP, ST, Prop. 45. and half 
the radius of curvature is a third proportional to 
SP, ST, Prop. 77. if L be the latus redtum, 
2 SP is to halfL in the duplicate ratio of SP to ST, and 
PO is to 2 SP as SP is to ST, therefore 
PO is to half L in the triplicate ratio of SP to ST. 
Fie. 8a, Secondly, if the conic feftion be an ellipfe or an 
8 3- hyperbola, the latus re&um is a third proportional 
to the tranfverfe and conjugate axes, and the chord 
of curvature, which is drawn through the focus, is 
a third proportional to the tranfverie axis, and the 
conjugate diameter, Prop. 78. therefore 
half PW is to AC as CD % to AC % , and 
AC is to half L as AC* to CB % \ therefore 
iPJVis to half L as CD % to CB % , that is, Prop. 57. 
in the duplicate ratio of SP to ST; and becaufe the 
triangles RPW, SPT are fimilar, PO is to half PW 
as SP to $T; therefore PO is to half L in the tri- 
plicate ratio of SP tQ ST. 

Cor. 



i 
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Cor. Hence the radius of the circle of curva* 
ture in all the conic fe&ions Is equal to * ■ x - . 



DEFINITIONS,' 

XXX. If an indefinite right line paffing through Fig. 84. 
any fixed point A, without the plane of the circle 
CGB, be carried round the whole circumference of 
the circle,' each of the iurfaces generated by this 
motion is called a Conical Surface. 

XXXI , The fojid contained by the conical fur- 
face and the circle CGB is called a Cone. 

XXXII. The point A is called the Vertex of 
the Cone. 

XXXIII. The circle CGB, the Bafe of the 
Cone. 

XXXIV. Any right line drawn from the vertex 
to the circumference of the bafe, is called 3 Side of 
the Cone. 

XXXV. The right line AD paffing through 
the vertex and the center of the bale, which is pro- 
duced indefinitely, is called the Axis. 

, XXXVI. A right Cone is that whofe axis is 
perpendicular to the bafe. 

XXXVII. A fcalene Cone is that whofe axis 
Is inclined to the bafe. 



PROP. 
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PROP. LXXX. j 



If a cone be cut by a plane pafling through 
its vertex, tfre fection will be a triangle. 

Fig. 84. T ET ABGC be a cone, of which AD is the 
jL-iaxis; and let GB be the common fedtion qf 
the bafe of the cone and the cutting plane ; join 
AB, AG. When the generating line comes to the 
two points B and G> it is evident that it will coin- 
cide with the right lines AB, AG-, they are, there- 
fore, in the furface of the cone, and they are in the 
plane which paffes through the points A, B and G; 
therefore the triangle ABG is the comrpon fedfcion 
of the cone, and the plane which paffes through 
its verte^c. 

PROP- LXXXL 

If a cone be cut by a plane parallel to . its 
bafe, the fe6lion will be a circle, the center 
of which is in the axis. 

Fig. 84, T ET HFK be the fe&ion made by a plane pa-* 
1 ,j rallel to the bafe of the cone, and let ACB, 
ADG be two feftions of the cone, made by any 
two planes paffing through the axis AD-, let KH % 
EF be the common feftions of the plane HFK and 
the triangles ACB, ADG. Then, becaufe the 
planes HFK, BGC are parallel, EH, EF will be 
parallel to DB, DG, and EH will be to DB as 
AE is to AD, or as EF is to DG; and alternately, 
£i/is to EF as DB to DG; but DB is equal to 

PGi 
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D G ; therefore EB is equal EF, and, for the fame 
reafon, EF is equal to EK; therefore HFK is a cir- 
cle, of which E is the center. 

PROP. LXXXIL 

r 

If a fcalene cone ABDC be cut through the Fig, 86. 
axis by a plane perpendicular to the bafe,* 
making the triangle ABC, and from any 
point L in the right line AC, LM be 
drawn in the plane of the triangle, fo that 
the angle ALM may be equal to the angle 
AB C, and the cone be cut by another plane 
pafling through LM, perpendicular to the 
triangle ABC; the common fe£tion LPM^ 
of this plane and the cone will be a circle. . 

TAKE any point N in the right, line LM; 
through iVdraw FNG parallel to CB; and let 
FPG^ be a feftioa parallel to the bafe, patting 
through FG ; then the twb planes FPG^, LPMg^ 
being perpendicular to the plane ABC, their com- 
mon feftion PNS^is perpendicular to FNG; therer 
fore PJVis equal to JVj^, and the fquare of PN 
equal to the reftangle FNG ; but, the angle ALM 
being equal to the angle ABC, or AGF, and the 
angles at N being vertical, v the triangles FLN 9 
MGN are fimilar, and MN is to NG as NF to 
NL; therefore the reftangle MNL is equal to the 
re&angle FNG, or to the fquare of PN. There- 
fore the feftion LPM^is a circle, of which LM 
is a diameter. 

This fe&ion is called a Subcontrary feSion. 

PROP. 
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PROP. LXXXIII. 

If a cone be cut by a plane, which does not 
pafe through the vertex, and which is 
neither parallel to the bafe, nor to the plane 
of a fubcontrary fe6iion ; the common fec- 
tion of the plane and the furface of the 
cone will be an ellipfe, a parabola, or an 
hyperbola, according as a plane palling 
through the vertex parallel to the cutting 
plane falls without the cone, touches it, or 
falls within the cone. 

Fig. 86, T 3 T ABDC be any cone ; and let STF be the 
**5> JL-i common feftion of a plane paffing through 
8 7* 'its vertex and the plane of the bafe, which will fall 
without the bafe, will touch it, or it will fall with- 
. in - 9 let PM^be a feftion made by a plane parallel 
to ASF; through the center O of the bafe draw Of 
perpendicular to S P 9 meeting the circumference of 
the bafe in the points £ and C ; let a plane pafs 
through the points A, B and C, meeting the plane 
ASF in the line Af 9 the furface of the cone in AB, 
AC* and the plane of the feftion PM^ t in LM* 
then LM will be parallel to TA 9 the planes SA V, 
PM^ t being parallel ; it will meet the fide AB in 
M 9 and it will meet the other fide AC, Fig. 86. in 
L 9 within the cone, it will be parallel to it in Fig. 
85. and it will meet it Fig. 87. produced beyond 
the vertex in K. ' Take any point N in the line 
LM; let FPG^ t be a plane paffing through N 
parallel to the bafe ; and let FNG, PN^ be the 
common feftions of this plane and the planes ABC, 

PM§ : 
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PMgj then PNQv/ift be parallel to SP 9 arid GF 
parallel to B¥; and BT being perpendicular to SV 9 
FNG is perpendicular to' FN§j> therefore PS is 
fequal to N£^> and the fquare of PN is equal to 
the reftangte FNG. Firft, if the lirie STV be Fxc. 86. 
without the bafe, through the points M and L 
draw MH 9 LK parallel to CB; then, becaufe the tri- 
angles LNF 9 LMH&re fimilar, as alfo the triangles 
MNG 9 MLK 9 

LN is to FN as LM\$ to HM 9 and 
NMis to NG as LM is to LK; therefore 
the reftangle LNM is to the reftangle FNG 9 or 
die fquare of P#, as the fquare of L M is to. the 
fd&angle under HM 9 LK; which ratio is the fame, 
wherever the point N be taken; therefore the fec- 
tion LPM^js an ellipfe, of which LM is a diame- 
ter, and PN<^an ordinate, Cor. 2. Prop. 53. 

Secondly, if the line S Tf^ touches the circumfe- Fie. 85. 
fence of the bafe in C; let DLE be the common 
fe&ion of the bafe and the plane PM^ which is 
parallel to PN 9 and perpendicular to BLC; and the 
Je&angle BLC is equal. to the fquare of DL; there- 
fore the fquare of PN is to the fquare of DL as the 
fe&angle FNG to the redtangle BLC 9 or, becaufe 
NG is equal to LC 9 as FN to BL ; but, the trian- 
gles MNF, MLB being fimilar, FN is to BL as 
MN to ML; therefore the fquare of PN is to the 
fquare of DL as MN to ML; and the fe&ion 
DMF. is a parabola, of which ML is a diameter, 
and PNS(an ordinate, Cor. 2. Prop. 44. 

Laftly, let the line STF fall within the bafe; Fig. 87^ 
through the vertex A draw AH parallel to GF; and 
becaufe the triangles MNF 9 MHA are fimilar, as 
alfo the triangles KNG 9 KHA 9 

MN is to NF as MH is to Af, and 
KNis to JVG as £#is to HA; therefore 

P the 
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the re&angle MNK is to the re&angle FNG, qr 
the fquare of PN, as the re&angle under MH*KH 
is to the fquare of HA, that is, in a conftaat ratio; 
therefore the fedion DME is an hyperbola, qf 
which MK is a diameter, and P iVi^an ordinate, 
Cor. 2. Prop. 30. 



\ 









FIG-.LXXXI1. Z 




FIG.LXXXVII. 



"RJUkthry" ie-ulpTL oncUm . 



fi R RATA, 

^AGfi $* fine 3. and 8./*r AM, read NQ, 

— line 1 6. for SP, read SM. 

6. line 8. for Conjugate, read Conjugate. 

7. line 2. for PROS. r^PROB. I. 
9. line 10. for from, read frotn. 

18. line 5. from the bottom,/*** SD 9 read SN. 
31. line 19. for femi-conjugate axis, read conjugate femi- 
axis. 

41. line 5. for parallel, read parallel to* 
*— line 1 J. for fquare, read fquare of. 

42. line 17. for a x &, read a* $*, and for a 7, S 1 , read a 1 R*. 

46. line 4. for equal, read equal to. 

47. line 8. from the bottom, dele to. 
53. line 1 1 .for the loft PH, read VH. 

— line 11. from the bottom,/**- VDH, read VDh* 
86. line 1 1 .for CD, read C$>. 

89. line 6. for parallograms, read parallelograms. 

93. catch word, for be, read of. 
104* line io. from the bottom, for tnan, read than* 
a 1 Zt line i*fw equal, ran/ equal to. 
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